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PREFACE 


Purpose. In this modern era of specialization it is not 
uncommon for a person who is a scholar in one field to be a 
layman, sometimes an all but illiterate layman, in another 
field. This book is written for the adult layman who has 
forgotten his elementary mathematics and who finds that 
fact a handicap in studying statistical method. Our gradu¬ 
ate schools today are full of mature, intelligent men and 
women who have had no intimate acquaintance with mathe¬ 
matics for years, and who are now discovering that in order 
to understand the modern world, in order to read the rapidly 
expanding literature of their own fields, they need to become 
conversant with statistical method. But statistical method, 
even in its simpler phases, is a branch of applied mathe¬ 
matics. Refusal to admit this fact will not lessen the diffi¬ 
culties which await the student who is unable to think com¬ 
petently in numerical and symbolic forms. 

Origin. This text is the outcome of several years of work 
in analyzing the difficulties of about one thousand graduate 
students of statistical method, in devising prognostic and 
diagnostic tests for them, and in studying the relationship 
between scores on these tests and class work. These materials 
have been tried out by my own students in first year statistics 
courses, courses in which the primary goal is the develop¬ 
ment of statistical concepts, critical judgment and inter¬ 
pretive ability, and in which the algebraic aspects of the work, 
and the amount of computation required have been held to 
a minimum. My students use these units voluntarily and 
avidly, with two very obvious results: The class as a whole 
has been able to cover more ground in statistics than was 
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possible before the units were available; and the weaker 
students who formerly felt a distinct strain are achieving 
a new sense of confidence and a better comprehension of the 
statistical concepts studied. Through spending time on defi¬ 
nite background work, they have saved the time which might 
otherwise have been fruitlessly consumed by erroneous com¬ 
putation, slowness, anxiety, haziness of thinking, and by 
inability to read a text because of failure to comprehend sym¬ 
bolic language. 

Scope. With the exception of the calculus, the book 
contains all those topics which contribute most directly to 
elementary statistical method. It includes the mathematical 
background needed for the understanding of any statistics 
text likely to be used in a course for which the calculus is 
not a prerequisite. It presupposes very little knowledge of 
mathematics, even giving a review of certain arithmetic 
topics ordinarily taught below the eighth grade. On the 
other hand it includes material, algebraic in nature, but 
unfamiliar to the average teacher of secondary mathematics. 
Its emphases are radically different from those of an ordinary 
text in algebra. It stresses the idea of summation and the 
ability to use symbolism creatively as a language; develops 
such concepts as variable, parameter, and residual; intro¬ 
duces the idea of least squares; discusses homogeneity among 
moments; and derives a number of simple statistical formulas. 

Plan. The arrangement of the book permits a rapid re¬ 
view of those topics with which a student has once been 
familiar, and enables him to omit those topics he has already 
mastered, and to discover quickly those sections containing 
material he does not know. Each chapter ^ begins with an 
exploratory self-scoring test, answers for which are provided 
in a key at the back of the book. The student who makes no 
errors on this test may assume that it is unnecessary for 

^ With the exception of Chapter VI, XIII, XIV, XX, and XXI. 
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him to spend further time on this unit, and may proceed at 
once to the next unit. The student for whom this preliminary 
test presents difficulties will go on to the explanatory and 
practice material which follow the test. After completing 
these, he will come to a second test, similar in content and 
difficulty to the first one, by which he can judge his progress. 

The content of the book is organized on two levels. Part I 
furnishes a minimum list of topics which will be needed by 
students in the more elementary courses in statistical method 
and measurements. Part II presents additional and some¬ 
what more difficult material designed to furnish an adequate 
mathematical background for the study of any text in statis¬ 
tical method which does not require the calculus for its 
understanding. The mastery of this second part would greatly 
aid in clarifying the thinking of the beginner in statistical 
work, but it can be omitted by those who wish to cover only 
the topics most urgently needed. 

Acknowledgments. I am indebted to many of my students 
for constructive suggestions and insight into the mathematical 
difficulties encountered in statistical method. In particular 
I am indebted to Dr. Randolph B. Smith, H. Gray Funk- 
houser, and the late Robert Mendenhall, all of whom were 
my teaching associates during the period when the manu¬ 
script was in preparation and who furnished much helpful 
criticism; to Dr. Jack Dunlap, who tried out parts of the 
material in his classes at Fordham University; to Miss Inez 
Morris and Dr. Ralph Brown, whose careful checking of the 
entire manuscript was invaluable; and to Miss Florence Ropp 
and Miss Caroline Draper, whose competent typing facili¬ 
tated the work. 

H. M. W. 

Columbia University 
January 1, 1934 
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ORDER OF ARITHMETIC OPERATIONS 
Initial Test 


This introductory test is to help you discover whether 
you need practice on this aspect of computation. Place a 
plus sign at the left of each correct statement and a minus 
sign at the left of each incorrect statement. After you 
have marked the test, compare your answers with those in 
the key at the back of the book. If you have made the 
computations quickly and without error, go on at once to 
Chapter II. If you have made errors or have been obUged 
to work slowly, study the explanations and practice material 
given below. Then take the second test to measure the 
amount of improvement you have made. The two tests are 
of about the same difficulty. To get the best measure of the 
amount of improvement you have made, allow several hours 
to elapse after you study the practice material and before 
you take the second test. 


1. *34-4+7=7+3+4 t 
♦ 2. 3+42^5 = 9 
•3. 12(f) =3(\*^) 

4. 12-^3+2 = 2f 

6. 64-7-(16X2) = 8- 

7. (t)(f)(A)=(f)(A)(f) 

8 . 25^2+3 = 5' 

• 9 . 


10 . 


(4+8) ^4 8 
3 3‘''3 


11 . 


(4+8) ^4 8 
(3X2) 3'*‘2 


12 . 


13- 


14. 


(4X8) 4 .8 
(3X2) 3'^2 
(4+8) 4,8 ^ 
(3+2) 3‘^2 

i6^=2X5X7 


3 
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(4X5)_4 5„ 
“3-3^3 

16. V25+16 = 5+4 

17. 5(2-T^) = 10-i 

18. Vl-(0.6)2=0.8’t' 


20 . 


36+5 


= 6+5 


21. i(5X7) = ®® 

22. 5+(f)' = 7i-^ 

23. 3V70-V-=24 

24. 3(4X5) = 12X15 


Practical Importance. Students of statistical method who 
are unfamiliar with the rules of computation often wagte 
much time and energy and produce erroneous results be¬ 
cause they are uncertain about the order in which arith¬ 
metic operations should be performed. Does 5X6+24-5-2 
equal 75, 27, 90, or 42? These four answers result from 
four different orders in which the work might be performed. 
To avoid confusion, mathematicians are agreed upon cer¬ 
tain rules. These rules make 42 the correct answer. 


EXPLANATION AND RULES 

1 . The order in which numbers are added does not affect 
the result. Thus 7+15+12 = 15+7+12 = 12+7+15, etc. 
In general, a+6+c=5+a+c=c+6+a, etc. 

2. The order in which numbers are multiplied does not 
affect the result. Thus abc = bac = acb = bca=cab = cba. It 
is sometimes more convenient to multiply in one order than 
in another. For example, fXf=4XffX6Xi=4XiX6Xi 
= f Xt=iX2Xi=f Xi=i. This process is of course ordi¬ 
narily abbreviated by the device of cancellation, but is given 
here in full to show the essential nature of the operations 
involved. 

^‘Cancellation^' is a term of ambiguous meaning which 
is rather carelessly used—sometimes to connote division, 
sometimes subtraction, sometimes merely “getting rid of." 
In general it is safer to avoid the use of this word and to go 
back to fundamental principles. “Cancellation" is the 
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source of a large number of arithmetic errors made by per¬ 
sons who are not sure why they are cancelling. 

3. In an example like 17+2X10+64-^3 — 1, the multi¬ 
plication and division should be performed first, and then 
the addition and subtraction performed. Thus 

17+2X 10+64-^ 3 -1 = 17+20+2U-1 = 57+ 


4. An expression enclosed in a parenthesis is to be treated 
as a single number. If convenient, the value of the paren¬ 
thesis may be worked out first, as 3(27—2) = 3(25) = 75. 
This is not always convenient, as in 35(:^+4^), where it is 
easier to multiply each part of the parenthesis separately 
by the 35. In any case, the numbers within the parenthesis 
must all be treated in the same way. 

6. The bar of a fraction has the same effect as a paren¬ 
thesis, the numerator being treated as a single number and 
the denominator as a single number. 


Thus, ^“^ =^ This may also be written 


10+5 15. 


?^ = |andnot2iz3 
4 4 


(3+12)/(10+5) = 15/15. 
6 

= 6-3. 


5X9 


Notice, however, that by rule (2), 2 ^^= 5 / 2 X 9/8 

= 5/8X9/2=|x| 

4 3 1 

Notice also that 5 — 5 + 5 ? that in general 

a+b a , 6 , 5+9 5 , 9 

““c"'"? ^~2X8'^2X8’ 


6. A radical sign has the same effect as a parehthesis, the 
expression under the radical sign being treated as a single 
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number. Thus 'v/64—4=\/60 not 8—2, and Vl—(0.7)* 
=*V'l-0.49=-v/0^. 


Exercise 1 

Perform the operations indicated below, writing your answers 
in the simplest possible form, and compare with the key. 


4 25 84 ^ 
7^48Xl5 ^ 

*• 8^45^12. 


8. 


7X22X26 


39X4X10 
14 39 35 
•' 75 '^ 28'^26 
6. 56■^2+6X5-7 
6. 13+2-5-5+6-4 


7. 28-5-3+1 

»• ®-(«+5x“)+5 

9. 24(i+i) 

1/72.48\ 

' ivy+y) 

11. (i)* 

12. 724-(24-5-2) 
Second Test 


13. (i)* 


14. 


16. 


15(1- 

5+3 

6+8 


-I) 


16. •v/l-(0.2)* 


17. v'l-(0.3)» 

18. v'l-(0.9)» 


Place a plus si^ at the left of each statement which 
\ you believe to be true and a zero at the left of each state¬ 
ment which you believe to be false. 


1. 9+6-2 = 6-2+9 

2. 48^6+2 = 6- 

3. 75(f) =2(^) 

4. 7242+4 = 12 
6 . 5+63-5-3=^ - 

6. (f)*=f 

7. (f)(f)(i) = (f)(f)(f) 

8 . 48-5-(2X3) =8 

9. f (32+3) =4+3 -• 

10. H±2=3+2- 

11 ( 5 + 7 )_ 5 |7 

* (2X3) 2^3 

12 (5X1)-SyZ 
(2X3) 2^3 


1, (5+7) - , . 

/rt I r»\ O l" Q 


14. 


(2+3) 
(15X4X7) 


7 

3 

=3X4X7 


4 4 4 


16. V36-25 = 6-5- 

17. f(16-f)=2-* 

18. ■v/l-(0.3)*=V0.7; 

12+2_,„. 


19. 


* 20 . 


3 

48+ 5 

6 


=8+5' 


21. f(6X4)=2(f)- 

22. 4+(f)(f)=4f 
28. 2V30+2X3 = 12 
24. 2(5X3) = 10X6" 



II 

SIGNIFICANT FIGURES 


Initial Test 

After taking this test, compare your ansjv^ers with the key in 
the back of the book. If you have made any errors, study the 
explanations and practice exercises and take the second test. 

1 . How many significant figures has each of the following numbers? 

(1) 430091 (4) 0.00003 (7) 8000. 

(2) 36.2 (5) 3.000 (8) 19000 

(3) 0.00291 (6) 64.20 (9) 0.40 

2 . Round off each of the following numbers so that it contains 
3 significant figures. 

(1) 592641 (4) 5.6994 (7) 130.04 

(2) 43.52 (5) 43350 (8) 3.9999 

(3) 4.7251 (6) 53450 • (9) 0.004625 


3. Assume that all the numbers involved in the following computa¬ 
tions are approximations and round off the results to the num¬ 
ber of digits which you consider appropriate. 

(1) (2.315)2=5.359225 (5) 7362-5-2.1 = 3505.71 

(2) V 894 = 29.8998328 W 2409.5 

(3) \/237.9== 15.424007 13.6825 

(4) (68.4) (4.6) = 314.64 _ 

2425.6035 


Importance. ‘‘How many figures shall I retain in my 
answer? is a question from which the statistical computer 
is never free. When a computing machine is used, it is so 
easy to carry computations to a large number of places 

7 
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that there is a temptation to retain more digits in the final 
result than the study warrants. If a computer discards too 
many places, he throws away facts already at hand and 
creates a false impression that his figures are less reliable 
than they really are. If he retains too many places in his 
final result, he creates a false show of accuracy not justified 
by the precision of his original data. 

Significant Figures. When a zero is used solely to fix 
the position of the decimal point, as in 0.003, it is not con¬ 
sidered a significant digit. All other zeros, and all digits 
other than zero are significant. For example, in 0.00203, the 
first three zeros are mere padding, inserted for the sake of 
locating the decimal point and are consequently not significant. 
The zero standing between the 2 and the 3, however, has 
as much meaning as any other digit could have, and is 
significant. Consequently 0.00203 has three significant fig¬ 
ures. In the number 2.30, the zero is significant because 
it is not used to fix the decimal point but to indicate that the 
third digit in the number is known to be 0. To drop off this 
last place and write the number as 2.3 would be to imply 
that we had only two-place accuracy instead of three-place. 

Suppose that a line has been measured and found to be 
9 meters long. If we write its length as 0.009 kilometers or 
as 9000 millimeters, we do not change the precision of the 
measurement. Each of these numbers has one significant 
digit and zeros which are used merely to locate the decimal 
point. However, the number 9000 itself gives us no informa¬ 
tion as to how many of its figures are significant. If we 
speak of a city of 9000 people, or the condition of the earth 
9000 years ago, we are probably using numbers correct to one 
digit only. If we say that a man^s salary is $9000 we are 
probably using a number correct to four places. To indicate 
that all four digits are significant, we may write 9000. with 
the decimal point printed. Sometimes a dot is printed above 
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the last significant digit. Thus in 9000, we would under¬ 
stand that three digits are significant. It is obvious that the 
number of significant figures has nothing to do with the 
position of the decimal point. 

68002 has 5 significant figures. 

6.8002 has 5 significant figures. 

0.600 has 3 significant figures. 

40000. has 5 significant figures. 

80000 has from 1 to 5 significant figures. 

Numbers Obtained by Counting and by Measurement 

Numbe rs obtained by counting are exact. If we say there 
are 8 books on a table we mean exactly 8, not 8 and a frac¬ 
tion, or 7 and a fraction. Numbers obtained by measure¬ 
ment are approximate. Suppose that a boy has measured 
a rod and found it to be 8 cm. long. Probably this means 
‘^between 7| cm. and 8| cm.’’ If he applies a finer instru¬ 
ment for measuring it, he may find its length to be, say 
8.1 cm., which means ^‘between 8.05 and 8.15 cm.” Now 
he may take it to a laboratory and measure it with a microm¬ 
eter which shows the length to be, say 8.093 cm. This 
means that the unit of precision is now 0.001 cm. and that 
the length of the rod is somewhere between 8.0925 cm. and 
8.0935 cm. The measurement may be made as precise as 
human eyes and human instruments permit, and the limits 
of error may be rendered very narrow, but the measurement 
can never be made theoretically perfect. 

The foregoing suggests that when we are dealing with 
the exact numbers which result from counting, it may be 
legitimate to carry computations as far as we wish. How¬ 
ever, when the numbers wit h which we_^je dealing are 
ajgproximations it is important that final result of the 
computation be carried only so far a§„^i^,..appr(^)i;iate tp 
precision of the original data. The number of figures which 
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a computer sets down in his final result should be a sort of 
ti^it pledge as to the amount of reliance which can be placed 
on the accuracy not only of his work but also of his data. 

Illustrations of Inappropriate Procedure. 1. A man who 
wants an estimate of the diameter of a tree trunk passes a 
tapeline about it and finds the girth to be 68". He divides 
this by 3.1416 and states that the diameter is 21.64502 in. 
It would have been more appropriate to say that the di¬ 
ameter is about 22 in. because (a) the circumference was 
correct to two places only and no measure based on that 
could be more accurate than the original measurement, and 
(b) the trunk was probably not exactly circular, and there¬ 
fore the circumference not exactly tt times the diameter. 
To use more than two figures in the result is misleading. 

2. A high school principal computes to three decimal places 
the average grade of members of the senior class, stating 
these grades as 94,682, 91.427, 88.109, etc. When the well 
known inaccuracy of teachers' marks is taken into account, 
the pseudo-precision of these figures is almost laughable. 

3. A statistical worker measures each of 36 persons in two 
traits and computes the coefficient of correlation between 
these traits as .3524. With so few cases and so low a correla¬ 
tion, not even the first figure is really reliable. If the in¬ 
vestigation were repeated with another similar sample of 
36 persons, there is about a fifty-fifty chance that the cor¬ 
relation coefficient would be somewhere between .25 and .45, 
and a fifty-fifty chance that it would be outside these limits. 
To write the result with four figures is inappropriate. If 
10000 cases had been studied instead of 36, it would be 
appropriate to use three or four figures in the coefficient 
of correlation. 

Number of Places to Be Retained in Computation with 
Approximate Numbers. We will use the phrase "the less 
accurate of two approximations" to mean the approximation 
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written with the smaller number of significant figures, no 
matter where the decimal point comes. Thus 68 is to be 
considered less accurate than 68.1, 0.681, or 6810, and 0.004 
is to be considered less accurate than 38, 3700, or 0.0037. 

Rules 

1 . If the less accurate of two approximate numbers contains 
n significant digits, their product can be rehed upon for 
n digits only, and should not be written with more. 

Illustration: ^ 

167 X 4.352 = 727, not 726.784,If both are approximate. 
13% of 15943 = 2072.6 if 13 is an exact number, 

and 15943 is approxi¬ 
mate. 

13% of 15943 = 2100 if 13 is an approximation. 

2 . If the less accurate of two approximate numbers contains 
n significant digits, their quotient can be relied upon for 
n figures only and should not be written with more. This 
rule holds no matter which number is the divisor. 

lUustralion: 

3754-^18=208.5556 if both numbers are exact. 

3754-7-18=210 if 18 is approximate. 

18-^3754 = 0.004794885 if both are exact. 

18-7-3754 = 0.004795 if 18 is exact and 3754 approxi¬ 
mate. 

18-^3754 = 0.0048 if 18 is approximate. 

3 . If a number contains n significant digits, its square root 
can in general be relied upon for n digits. 

Illustration: V435 = 20.856654 if 435 is exact. 

>/4^=20.9 if 435 is approximate. 
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4 . When several approximate numbers are to be added, the 
number of decimal places (not significant figures) in the 
result should be no greater than in the addend which 
has the smallest number of decimal places. A similar 
rule holds for subtraction. 

Illustration: 435.2 

13.689 

5.12 

18.4961 

472.5051 

The sum should be rounded off to 472.5, since one of the 
addends is carried to the first decimal place only. 

Note L When a computing machine is used, it is a sat¬ 
isfactory plan to carry intermediate computations out in full, 
and to round off the final result in accordance with these 
rules. When computations are performed with pencil it is 
satisfactory to carry each intermediate result two digits 
further than the rules would suggest, and to round off the 
final result in accordance with the rules. 

Note 2, These rules do not cover the third illustration of 
inappropriate procedure given on page 10. That is a statis¬ 
tical rather than an arithmetical situation, and is treated in 
texts on statistical method. 

Note 3. When a series of statistical results are published in 
one table, they should be carried out to a uniform number of 
decimal places, even if this requires the violation of some 
of the rules given above. 

Note 4. Failing to record all the figures known to be ac¬ 
curate in a result is as inappropriate and misleading as 
retaining too many places. 

Verification of the Rules. The reasonableness of the rules 
given above is readily illustrated. Let us consider the first 
illustration given under the first rule. The number 167 is 
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an approximation for some number which is not less than 
166.5 and not more than 167.5. The number 4.352 is 
an approximation for some number which is not less than 
4.3515 and not more than 4.3525. Consequently their product 
is not less than 

(166.5) (4.3515) = 724.52475 
and is not more than 

(167.5) (4.3525) = 729.04375. 

Since these two results do not agree in the third place, it is 
certainly not reasonable to state the result with more than 
three significant digits. Similarly 

V435 is not less than V434.5 = 20.84466 
and V435 is not greater than V435.5 = 20.86864. 

Here the results agree for the first three places, and we can 
be confident that the first three places are correct. 

Rounding Off a Number, When the first of the digits 
to be dropped is less than 5, the digits are dropped with no 
change in the preceding digit. When the digit or digits to 
be dropped are greater than an exact 5 (t.e., the first digit 
is 6, 7, 8, or 9, or the first digit is a 5 followed by other digits 
not zero), the preceding digit should be increased by 1, 
When the digit to be dropped is a 5 followed only by zeros, 
it is customary to make the preceding digit even. 

While this last practice is arbitrary, the reason for it is 
clear. If 423500 is an approximate number which we wish 
to round to three significant figures, we are handicapped 
by not knowing whether the true value of the number is 
less than 423500, in which case we should round it to 423000, 
or more than 423500, in which case we should round it to 
424000. If the true value were 423499, the rounded value 
should be 423000. If the true value were 423501, the rounded 
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value should be 424000. If in all such cases we agreed to 
increase the preceding digit, in the course of a long problem 
we should get a cumulative error in excess . If in all such 
cases we agreed to drop the 5 with no change in the preceding 
digit, in the course of a long problem we should get a cumula- 
tive err or in defect . Consequently the rule provides for 
alternating practice to avoid a cumulative error. 

Illustrations: 


Number 

Number Rounded to 4 

Significant Figures 

715.349 

715.3 

715.351 

715.4 

499.984 

500.0 

12.4350 

12.44 

436850 

436800 

52996.1 

53000 


Note. If a number is rounded off first to 6 places, then 
to 6, then to 4, etc., inconsistencies may arise, and therefore 
such successive rounding should be avoided. 

Exercise 2 

1 . Place a cross in front of each of the following which you consider 
to be an exact number, and a circle in front of each of those 
which you consider to be an approximate number. 

(1) The number of patients receiving treatment at a clinic on a 
particular day. 

(2) The number of square feet in the floor space of an auditorium. 

(3) The number of calories in a piece of apple pie. 

(4) The height in inches of a person. 

(5) The age in days of a child. 

(6) The number of windows in a school building, 

(7) The number of children on a playground. 

(8) The reading of the government thermometer at a given place 
on a given day and hour. 
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2 . How many significant figures has each of the following numbers? 


(1) 0.0029 

(2) 1.0029 

(3) 46821 

(4) .90063 


(5) 0.020 

(6) 30.0 

(7) 45062 

(8) 0.012 


(9) 3000 

(10) 450 

(11) 0.0301 

(12) 3.60 


3 . Round off each of the following numbers so that it contains 
four significant figures. 


(1) 5689243 

(2) 437550 

(3) 0.01234 

(4) 28.99750 


(5) 99.0000 

(6) 2.5685 

(7) 5.34350 

(8) 5.34650 


(9) 5.34651 

(10) 3.00012 

(11) 488967 

(12) 32105 


4 . Assume that all of the numbers involved in the following com¬ 
putations are approximations and round off the result of the 
computation to the number of digits which you consider appropri¬ 
ate for a final result. 


(1) (41.3)2 =1705.69 

(2) (4.13)2 =17.0569 

(3) ViH =2.03224 

(4) V62.79 = 7.9240141 

(5) =4.8989795 

(6) I =0.66666667 


(8) —=0.001777041 
8441 

(9) (3.1416) (24) =75.3984 

(10) (5.26873)(16) = 84.29968 

(11) 3245.5 (12) 6.375 

163.27 12.5 

2.468 3.29 


13.3 22.165 


(7) 3.3^ 86 = 0.03837209 3424.538 


6. If 75 is understood to be an exact number and all the other 
numbers in these computations are understood to be approx¬ 
imations, to how many places would it be appropriate to carry 
each of the following computations? 


( 1 ) V75 ■ 

(2) (75) (46.24) 

(3) 75-5-321 

(4) 52-f-75 

(5) (.75)2 


( 6 ) ( 75)2 

(7) (75) (4.923) (36) 

(8) 75-5-1346 

(9) 417-5-75 

(10) (75) (13.57) ^3.6 
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Second Test 

1 . How many significant figures has each of the following numbers? 

(1) 53062 (4) 0.0002 (7) 15000. 

(2) 14.05 (5) 6.00 (8) 2000 

(3) 0.0037 (6) 73.10 (9) 0.30 

2 . Round off each of the following numbers so that it contains 
3 significant figures. 

(1) 23.750 (4) 36.252 (7) 0.0004231 

(2) 1.3650 (5) 78.249 (8) 89963 

(3) 27992 (6) 21003 (9) 1.3851 

3 . Assume that all the numbers involved in the following computa¬ 
tions are approximations and round off the results to the num¬ 
ber of digits you think appropriate. 

(1) (7.26)2 = 52.7076 (6) 4500.375 


(2) V5651 = 75.173134 2.15 

(3) V'416.3 = 20.40343 

(4) (7.326)(1.2) =8.7912 

(5) 9.2463-5-25 = 0.369852 4580.948 
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SQUARE ROOT 

Initial Test 


Find the square roots of the following numbers, carrying 
results correct to 4 significant figures. Compare your answers 
with those in the key. If you make any errors, study the 
rules and practice material and take the second test. 


1. 4972.36 

2 . 425.4 

3 . 0.002019 

4 . 0.0863 
6. 56.12 


6. 4000 

7 . 0.9 

8. 6.4 

9 . 360 
10. 0.1 


Practical Importance. In computing a standard deviation 
or a correlation coefficient it is necessary to extract square 
root, so that almost from the beginning the student finds 
that a large proportion of statistical problems involve square 
root. When available, computing machines or tables of 
square roots are used, but there arc many occasions when 
no mechanical help is at hand and then square root must be 
found by arithmetical methods. 

This section may be omitted by those students who ex¬ 
pect always to have at hand either tables of squares and 
square roots or a computing machine. The use of such tables 
is discussed in Chapter IV and the use of logarithms in 
extracting roots is treated in Chapter XVIII. 


Rules and Illustration 

V631.425 = ? 

1 . Point off the number into periods of 2 _ 

places each, beginning at the decimal 631.4250 
point. 


17 
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2 . Find the largest square in the left hand 
period. 

3 . Subtract this square from the left hand 
period and enter its square root as the 
first digit in the root of the number. 

4 . Bring down the next period (next two 
digits) forming a partial remainder. 

6. Double the root already found to serve 
as a trial divisor. 

6. Temporarily dropping the right hand 
digit in the partial remainder, divide 
the rest of the partial remainder by the 
trial divisor to give a trial quotient. 

7 . Write this trial quotient as a new digit 
in the root and also as the last digit in 
the completed divisor. 

8. Multiply the completed divisor by the 
trial quotient. 

9 . Subtract this product from the partial 
remainder. 


10 . Repeat steps 4 to 9 as often as neces¬ 
sary. 


4 

2 _ 

631.4250 

4 

2 

2 _ 

631.4250 

4 

231 

2X2=4 



2 ^_ 

631.4250 

4 

45 

45X5 = 225 


25;_ 

631.4250 

4 

45 1^ 

5 

6 


11. Place the decimal point in its proper place. Counting 
from the decimal point, there should be one digit in the 
root corresponding to each period in the number. Wheo 
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the work is set down in the fashion illustrated here, the 
decimal point in the root is placed directly above the 
decimal point in the number, and each digit in the root 
is written above the corresponding period in the number. 


12. See the discussion of special cases in the practice material. 


Complete Solution 


Second lUustrcUion 


25.1 2 8 


533.728 



6 3 1.4 2 5 0 0 0 

28486 5.5 99700 


4 



25 





45 

23 1 


103 

348 




225 



309 



501 


642 

1063 


3965 



501 



3 189 

5022 

14 150 

10667 


77659 



10044 




74669 

50248 


410600 

106742 


299097 




401984 





2 13484 




8616 

1067448 


8561300 


|8 5 3 9 5 8 4 
21716 


Exercise 3 

1 . Point into periods and compare with answers in key. 


(1) 437 

(6) 12.53751 

(11) 0.35 

(2) 4370 

(7) 136.4 

(12) 0.4 

(3) 4.37 

(8) 0.00009 

(13) 3.214 

(4) 0.437 

(9) 90.123 

(14) 0.002 

(5) 0.000437 

(10) 567.2 

(15) 0.1 


2 . State by inspection the first significant digit in the square root 
of each of the numbers in Question 1. 
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8 . State by inspection the first significant digit in the square root 
of each of the following numbers. 


(1) 640 (5) 0.09 

(2) 3.60 (6) 90 

(3) 0.1 (7) 400 

(4) 8.1 (8) 40 


(9) 6250 (13) 0.81 

(10) 490 (14) 0.225 

(11) 250 (15) 371.436 

(12) 0.04 (16) 5297.31 


4. Practice extracting the square roots of the following numbers 
until you are sure of the general procedure before going on to 
the special cases discussed under 6 and 6 below. 


(1) 4827 (4) 969.5 (7) 0.3049 

(2) 1399 (5) 1708 (8) 823.69 

(3) 2648 (6) 19.61 (9) 55696 

6. Sometimes the trial divisor found in step 5 is larger than the 
part of the partial remainder into which it is to be divided 
(step 6). Then a zero must be entered in the root, another 
period is brought down, and the work proceeds as before through 
steps 6 to 9. 


Illustraiion: 


A-A-i Ji- 

41633.000000 

4 


404 


1633 

1616 


40804 


170000 
16321 6 


408081 1678400 


Extract the square roots of the following numbers: 

(1) 93086 (3) 36.6025 (5) 81.92 (7) 4.2849 

(g) 2516 (4) 4988.6 (6) 226.50 (8) 6497.97 

6. Sometimes the product found in step 8 proves to be larger than 
the partial remainder from which it is to be subtracted. Then 
it is necessary to decrease the trial quotient by one point, and 
to retrace steps 7 and 8. After a little practice, the computer 
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can anticipate this situation and use the smaller quotient in the 
first place. 

lUiLstration: 8 6 

73 8 ^ 

6_4_ 

166 986 

996 

Evidently 6 is too large so we must change it to 5. An expe¬ 
rienced computer would have foreseen this and would not have 
attempted to use the 6. 

A 

7386. 

6 ^_ 

165 986 

825 

1709 16100 

1538 1 

Extract the square roots of the following numbers: 

(1) 77953 (4) 194.88 (7) 930.86 

(2) 59.1515 (5) 48224 (8) 73062.29 

(3) 2.5408 (6) 10.2272 (9) 14.50842 

Approximation Method, A method of using division to 
find successive approximations to the square root of a num¬ 
ber is very useful when a computing machine is used, and 
some persons like it for pencil and paper work. The following 

example illustrates the procedure. _ 

V284865.1997=? 

(1) Estimate the square root men¬ 
tally. 500 

(2) Divide the number by this esti- 284865.1997 

mate. 500 


=569.73 
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(3) Take the average between the 
divisor and quotient. The result 
is a better approximation to the 
root than either divisor or quo¬ 
tient, 

(4) Repeat steps (2) and (3) as often 
as necessary to secure desired 
precision in the answer. 




284865.1997 

>^^4. Q 

634.9+532.6 

2 


=532.6 
= 533.75 


etc. 


When the divisor and the quotient are in agreement for 
n digits, the root will be correct for at least n digits, and 
probably for more than n. 


Second Test 


Extract the square roots of the following numbers, carry¬ 
ing results correct to 4 significant figures. 


(1) 3841.25 

(2) 927.2 

(3) 0.002106 

(4) 0.07213 

(5) 35.72 


(6) 9000 

(7) 0.1 

(8) 3.6 

(9) 710.0 
(10) 0.4 



IV 

READING A SQUARE ROOT FROM A TABLE 
Initial Test 

On page 25 is a section of a table of squares and square 
roots. Read all answers from this table as accurately as 
possible. Do not extract any root or square any number 
by ordinary arithmetic processes. If a question calls for a 
square root which cannot be read from the table, make a 
cross in the space left for the answer. Compare your answers 
with the key in the back of the book. If you have errors, 
study the explanations and practice exercises. 

1. Read the square root of each of the following numbers from the 
table as accurately as possible without interpolation. If no root 
can be obtained from the table, make a cross in place of the 
answer. 

(1) 65800 (3) 0.087 (5) 6.889 

(2) 65.61 (4) 4251 (6) 0.004343 

2 . Read the square of each of the following numbers from the table 
as accurately as possible without interpolation. 

(1) 25.65 (2) 0.09328 

3. Interpolate in the table to find the square root of the following: 

(1) 65650 (2) 65.82 

4. Interpolate in the table to find the square of the following: 

(1) 6583 (2) 8.44 

Practical Importance. A competent statistical worker 
arranges his work so as to make the largest possible use of 
mechanical aids. If he has access to a computing machine 

23 
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or a table of squares he almost never extracts sjquare root 
by the use of pencil and paper. The other methods are 
much quicker and afford less chance for error. Reading 
square root from a table is an easy process, yet even here 
the aovy e is hkely to make certain typical mistakes. 

Reading the Table Directly. Table I gives us a number 
in the column headed iV, its square in the column headed 
and its square root in the column headed y/N. Thus if we 
want to know the square root of 656 we may look for 656 in 
the N column, and opposite this, in the \/N column we 
will find its square root which is 25.6125. Or again, suppose 
we want the square root of 87. We will locate 87 in 
the first column, and look for the corresponding number in 
the column headed VW. Here we find 9.3274, which is the 
square root of 87. 

Reading the Table Indirectly. Reading the table directly 
we find that the square of 81 is 6561. Now if 6561 is the 
square of 81, then of course 81 is the square root of 6561. 
That is, if 8P=6561, then 81 = V6561. If we locate these 
numbers in the table, we see that we have found 6561 in 
the column and 81 in the N column. Thus to find a 
square root it is often more convenient to locate in the 
column the number whose root is to be taken and to read 
the root in the N column. This often gives us a more ac¬ 
curate answer than to read the table directly. As another 
example, find the square root of 430340. In the column 
we find 430336, and opposite it in the N column we find 656. 
This tells us that the root of 430336 is 656. It is obvious 
that the root of 430340 is a little larger than the root of 
430336 but it is also clear that it is much nearer to 656 
than to 657. Hence 656 is the square root of 430340 correct 
to three places. 

To emphasize this alternative method until you are famil¬ 
iar with it, write X above the column, and VX above 
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TABLE I 


Portions op a Table op Squares and. Square Roots 


Number 

Square 

Square Root 

N 

A 

VN A 

650 

422500 

25.4951 


1301 

196 

651 

423801 

25.5147 


1303 

196 

652 

425104 

25.5343 


1305 

196 

653 

426409 

25.5539 


1307 

195 

654 

427716 

25.5734 


1309 

196 

655 

429025 

25.5930 


1311 

195 

656 

430336 

25.6125 


1313 

195 

657 

431649 

25.6320 


1315 

195 

658 

432964 

25.6515 


1317 

195 

659 

434281 

25.6710 

80 

6400 

8.9443 


161 

557 

81 

6561 

9.0000 


163 

554 

82 

6724 

9.0554 


165 

550 

83 

6889 

9.1104 


167 

548 

84 

7056 

9.1652 


169 

543 

85 

7225 

9.2195 


171 

541 

86 

7396 

9.2736 


173 

538 

87 

7569 

9.3274 


175 

534 

88 

7744 

9.3808 


177 

532 

89 

7921 

9.4340 
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the N column. To show still another relationship, write Y 
beside the VN and F* beside N, thus: 


Number 

Square 

Square Root 

N 

JV* 

VN 

VI 

X 


F2 

Y* 

Y 


When a problem calls for the square root of a number, 
we can either look for that number in the column N and 
find its root under y/N, or we can look for the number 
under X and find its root under VX, as is convenient. To 
square a number, we can either look for the number under N 
and its square under N^, or for the number under Y and its 
square under F*. 

Placing the Decimal Point. When a number is multiplied 
by 10, its square is multiplied by 100. When a number is 
divided by 10, its square is divided by 100. Symbolically we 

( a \2 

10/ ~1W' Therefore if the 

decimal point is moved one place to the right (or left) in the 
number, it will be moved two places to the right (or left) 
in the square. 


''i 


lUustkiii 


1 ^: 



(651)2 =423801 

(65.1)2 = 4238.01 
(6.51)2 = 42.3801 

(0.651)2= 0.423801 etc. 


Notice that the numbers 4.23801,423.801, and 0.0423801 do 
not appear in this table at all. In general, no square with 
an odd number of digits to the left of the decimal point or 
an odd number of zeros to the right of the point will be 
found in this set, no matter how far it should be extended 
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Such numbers belong to an entirely different set, not in¬ 
cluded in the small table on page 25. Such a set would 
include: 


(205.86)2 =42378.3396 

(20.586)2 = 423.783396 

(2.0586)2 = 4.23783396 

(0.20586) 2 = 0.0423783396 etc. 

If we were trying to read from the tables the square root 
of a number whose first five digits were 4, 2, 3, 7, and 8, 
it is clear that we should need to know the position of the 
decimal point before we could find even the first digit of the 
root. 

Rule. To find the square root of a number from a table 
first point off the number into periods of two places begin¬ 
ning at the decimal point. Then take either step (A) or step 
(B), as is convenient. 

(A) Look for the number in the column headed N and 
find the root in the column headed \/N. 

(B) Look for the number in the column headed and 
find the root in the column headed N, 

When the sequence of digits for the root has been thus 
determined, place the decimal point in such a way that, 
beginning at the pointy there shall be one digit in the root 
for every period in the number. 

Caution. Care must be used to see that the decimal point 
in the number read from the table is in the same position 
as in the number whose root is to be found, or that its posi¬ 
tion differs by an even number of places. Thus, if the table 
shows 368 in the column of squares, we can obtain the square 
roots of 3.68, or 0.0368, or 3680000, but not of 36.8, 3680, 
or 0.368. The majority of the mistakes made by the novice 
in reading square roots from a table probably relate to the 
decimal point. 
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Exercise 4 

For each of the following numbers, determine the first digit of 
the root by inspection, and fill in zeros to locate the decimal point. 
This will give a rough approximation to the root. Do not try to 
find a more exact value. 


Illustration: 



■s/37241 = 100, 

■v/0.0005 = 0.02, ■v/0.012=0.1, 

V'7563 = 

1. 528631 

9. 0.4 

17. 0.004 

2. 7961 

10. 0.001 

18. 0.09 

8. 10520 

11. 160 

19. 0.009 

4. 3674200 

12. 4400 

20. 651.2 

6. 920.01 

13. 250 

21. 9000 

6. 19.3 

14. 12.39 

22. 0.025 

7. 3940 

16. 0.1 

23. 8.1 

8. 0.053 

16. 1.03 

24. 49632 


Interpolation. Suppose that we wish to get from the 
table on page 25 the approximate value of (82.7)2. Ob¬ 
viously this value lies between (82)2=6724 and (83)2 = 6889, 
and lies nearer to the latter. How much nearer? If we 
think of a scale running from 82.0 to 83.0, we see that 
82.7 is located at a point which is of the distance 
from 82.0 to 83.0. We may then assume that its square 
will be approximately tV of the way from (82)2 = 6724 
to (83)2=6889. The difference between these two squares 
is 6889—6724 = 165, and of the difference is 115.5. 
6724+A(165) = 6839.5 or the approximate value of (82.7)2. 
The actual value of (82.7)2=6839.29, and we see that our 
interpolated value has as many digits correct as there 
are significant figures in 82.7, which is all that can be 
legitimately expected. 

Suppose that from the table we wish to find the approxi- 
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mate value of the square root of 7280. 

By inspection of Table I we obtain the 
following: 

83.0 - 


862=7396 
(?) 2=:7280 
(85)2 = 7225 


82.9 H 


82.5 H 


82.4 


The difference (86)2—(85)2=7396— g 2 g _j 
7225 = 171. Note that the size of this dif¬ 
ference may be read immediately from the 82.7 -1 
column marked A. Now the square 
in which we are interested stands at a 82.6 H 
point which is of the way from (85)2 
to ( 86)2 therefore its root should be 
approximately of the way from 85 
to 86 . Now of 1 = 0.3, and the ap¬ 
proximate root is therefore 85.3. 

Such interpolation is called linear inter- 32.3 ~| 
polation. It assumes that a good approxi¬ 
mation is afforded by treating the num- 82.2 -| 
bers and their squares as though they 
were proportional to each other, as 82.1 H 
though a graph of the squares would 
be a straight line. Now we know this 82.0 -| 6724 
is not true in general, but for any small 
section of its course the graph is so nearly straight that 
no great inaccuracy results from treating it as though it 
were straight. (For work which requires greater precision, 
more exact methods of interpolation are possible.) Because 
this method gives only a jirst approximation to the true 
result, one should not try to interpolate more than one ad¬ 
ditional figure in the root, and should not carry the square 
out to more places than are already given. 

The columns marked A are columns of differences between 


Scale 

of 

Squares 

6889 
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tabular entries to facilitate the interpolation. (A, or delta, 
is the capital letter D in the Greek alphabet, and is used 
often to stand for difference.These differences are not 
always printed since they can be readily found by subtraction. 

Exercise 5 

1 . Find the square root of 656.35 
Procedure: 

Number Root 


657 

25.6320 

656.35 

? 

656 

25.6125 

25.6125+(0.35) (0.0195) =25.6193 

0.0195 

Am. 

Find the square root of 87.14 

Procedure: 

Number 

Root 

88 

9.3808 

87 

9.3274 

9.3274+(0.14)(0.0534) =9.3349 

0.0534 

Am. 

Find the square root of 4305 

Procedure: 

Number 

Root 

4316.49 ‘ 

65.7 

4303.36 

65.6 

13.13 


(4305-4303.36) -f- (4316.49-4303.36) =0.125 
65.6+(0.125)(0,l)=65.61 Am. 


4 . Find the square root of each of the following: 

(1) 78.02 (4) 6.524 (7) 8570 

(2) 65 (5) 4300 (8) 6.562 

(3) 0.6581 (6) 7500 (9) 0.065 

6 . Find the square of each of the following: 

(1) 6575 (2) 9.235 


(3) 0.06584 
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Second Test 

1 . Read the square root of each of the following numbers from 
the table on page 25 as accurately as possible without interpola¬ 
tion. If no root can be obtained from the table, make a cross 
in place of the answer. 

(1) 0.0657 (3) 65.3 (5) 0.0655 

(2) 4.316 (4) 0.007056 (6) 7.744 

2. Read the square of each of the following numbers from the 
table as accurately as possible without interpolation. 

(1) 0.894 (2) 2.552 

3. Interpolate in the table to find the square root of the following: 

(1) 8370 (2) 42.50 

4. Interpolate in the table to find the square of the following; 

(1) 6.543 (2) 0.934 



V 

PLACING A DECIMAL POINT 
Initial Test 

In each of the following problems, select the answer which 
is the best value for the computation indicated at the left. 
Do not perform the computation, but select the best answer 
by inspection. You may assume that one of the four given 
answers is correct. Write the number of the correct answer 
on the line at the right, as in Question 1. 



1 

2 

3 

4 


1. (.06)(4.25) 

=25.5 

2.55 

0.255 

0.0255 

3 

2. (0.05) H-(0.001) 

= 5 

50 

0.5 

.0005 

-^ 

3. (4.31)(6.15) 

= 2.65 

26.5 

265 

2650 

— 

4 . (0.326)(.02) 

= 16.3 

1.63 

0.163 

0.0163 

— 

, (0.04)(.08) 

®- .02 

= .16 

.016 

.0016 

.00016 

— 

6. (0.07)2 

=4.9 

0.49 

0.049 

0.0049 

— 

7. (0.1)2 

= 1.0 

0.1 

0.01 

0.001 


8 . -v/360 

= 6 

60 

18.9 

1.89 


9. V0.0049 

=0.7 

0.07 

0.007 

0.022 


10. VI-(.2)2 

=0.98 

0.96 

0.80 

0.60 

— 

11. Vie 

=4 

0.4 

12.6 

1.26 

— 

12. V0.0144 

=0.12 

0.38 

0.012 

0.038 

— 

13. V0.000004 

=0.02 

.002 

0.063 

0.0063 


14. 0.01 

= .01% 

.1 

.001 

.01 

— 

16. .0012 

= 12% 

1.2% 

0.12% 

.0012% 


16. 0.031 

=31% 

3.1% 

.31% 

.031% 

— 

17. (32) (.4500) 

= 144 

1440 

14-4% 

1440% 

-- 
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Practical Importance. A great many errors in statistical 
calculations are due to a mistake in placing a decimal point. 
People who expect to do any considerable amount of compu¬ 
tation should be able to place a decimal point with the same 
sort of automatic precision as that with which an expert 
chauffeur changes gears. Otherwise many hours of time 
may be wasted in rectifying erroneous work. 

Multiplication. In multiplying decimals, multiply as with 
whole numbers; then, beginning at the right, point off asi 
many decimal places in the product as there are in the 
multiplier and the multiplicand together. 

In practice it is often preferable not to carry out the com¬ 
plete multiplication, because we do not need an answer 
with so rnany decimal places in it. Then we estimate the size 
of the answer by multiplying the leading digits in the two 
numbers. Study these illustrations to see how the position 
of the decimal point could be found without performing the 
complete multiplication. Only the first three digits in each 
answer have been given. 

Example Prodvxl of Leading Digits Answer 

(0.0372) (0.0913) = ? (0.04) (0.09) = 0.0036 0.00340 

(93.25) (0.000241) = ? (90) (0.0002) = 0.018 0.0225 


Division. In dividing by a decimal, count as many places 
to the right of the decimal point in the dividend as there are 
decimal places in the divisor and place the q 4 5 4 

decimal point in the quotient directly over 6.32)2.9 3 61 
this point. Be careful always to align your 2 5 2 8 


quotient figure with the corresponding figure 
in the dividend, as shown in this example. 

In practice it is useful to be able to esti¬ 
mate the approximate size of a quotient by 


4081 

3792 

2890 


finding the quotient of the leading digits. In the illustration 


given, we would see that the quotient of 2.9361 by 6.32 is 
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in the neighborhood of 3 divided by 6, and is therefore 
somewhere near 0.5. 


Example 

72.41-4-263 

0.0523-5-0.064 

2793^0.081 


Approximate Quotierd 
of Leading Digits 

70-4-300=0.2 
0 . 05 -^ 0.06 = 0.8 
3000-4-0.08 = 40000 


Quotient 

0.275 

0.817 

34481 


Square Root Study the rules, explanations and practice 
exercises in the section on square root, pages 17 to 21. 

Zero before the Decimal Point Printing a zero to the 
left of the decimal point when no other digit is there, is an 
excellent practice because it guards against having the dec¬ 
imal point overlooked. It would be possible t<j mistake 
,12 for 12, but scarcely possible so to mistake 0.12. A zero 
in this position has obviously no effect upon the size of the 
number, and .12=0.12. 

Zero to the Right of a Decimal Fraction. In computing, 
a zero or zeros at the right of a decimal fraction should be 
dropped. To multiply by 3.6200, multiply by 3.62. To divide 
by 0.31000, divide by 0.31. Such zeros have no meaning for 
the computation, and to carry them is a waste of time and a 
prolific source of error. Such zeros, when properly used, fur¬ 
nish important information concerning the degree of precision 
of measurement, as was stated in Chapter II, and for this rea¬ 
son it may be desirable to restore them at the end of the proo- 
ess, but during the computation they should be ignored. 

Multiplication or Division by a Power of Ten. To multiply 
by 10 we merely set the decimal point one place to the right, 
to multiply by 100, two places, by 1000, three places, and 
so on. To divide by these numbers we move the decimal a 
corresponding number of places to the left. Consequently 
to multiply or divide by a number ending in one or more 
zeros, we do not set down the zeros in our computation, but 



ESTIMATING THE SIZE OF A RESULT 35 


move the decimal point in the answer one place to the right 
for every zero if we are multipl 3 dng, one place to the left 
for every zero if we are dividing. 

Per Cents. Since 16% means “16 per hundred” it is 
equal to or 0.16. This is a very simple relationship, yet 
many mistakes are made in changing from the per cent 
notation to the decimal notation and vice versa. Study the 
following; 


0.015= 1.5% 
0.360= 36% 
0.02 = 2% 
1.12 = 112 % 


0.0004 =0.04% 
0.0126=1.26% 
2.40 = 240% 
0.093 = 9.3% 


Estimating the Size of a Result. The best safeguard 
against errors in placing of decimal points is the habit of 
estimating in advance about how large the result of a compu¬ 
tation should be. The following examples worked out in 
considerable detail illustrate ways in which this can be done. 
After a little practice, one should learn to carry out these 
approximations with such facility as to be unaware of the 
steps, seeming to recognize the results almost immediately. 


Example 1. In division it is often helpful to move the dec¬ 
imal points in dividend and divisor the same number of 
places to the right or left. 

0.048-5- 0.0079=487.9 or roughly 48 8. The quotient 
is approximately 6. 

5234■T-61.24 = 523.4-^6.124 or roughly 500 t- 6. The quo¬ 
tient is a little more than 80. 


Example 2. Attention may be centered on the leading digits, 
zeros being substituted for the other digits, and an ap¬ 
proximate value obtained which gives the position of 
the decimal point. 
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7734X415 is roughly 8000X 400 = 3200000. 

38.25X192.3 is a little less than 40X200, which is 8000. 
563.2X0.0382 is a little less than 600 X 0.04, which is the 
same as 6.00X4 or 24. 

Exercise 6 


1 . What per cent is equivalent to each of the following? 


(1) 

0.052 

(6) 

0.013 

• (11) 

0.0006 

(16) 

2.162 

(2) 

0.175 

(7) 

0.507 

(12) 

0.2014 

(17) 

0.005 

(3) 

0.240 

(8) 

1.423 

(13) 

0.3200 

(18) 

3.013 

(4) 

1.020 

(9) 

0.091 

(14) 

0.0051 

(19) 

0.942 

(5) 

0.503 

(10) 

0.003 

(15) 

0.0603 

(20) 

0.863 


2 . Change each of the following to a per cent. 


(1) 

0.04 

0.05 

^20 

35000 

(11) 

2.8 

25 

(2) 

3.6 

4.8 

(7)iZ0 
^ 1000 

(12) 

63 

70 

(3) 

0.06 

7.5 

(8) 

^ 10000 

(13) 

240 

4800 

(4) 

0.008 

0.24 

(9)i^ 

^ ' 2000 

(14) 

0.01 

0.5 

(5) 

0.35 

0.14 

(10) — 

^ 100 

(15) 

0.06 

0.8 


3. Find mentally the first digit or first two digits in the answer for 
each of the following exercises, and place the decimal point in 
the appropriate place, filling in with zeros where necessary. It 
is the position of the decimal point in which we are interested 
now, rather than the size of the digit in the answer. In the first 
question, for example, 210,000,240,000, or 200,000 would be con¬ 
sidered a satisfactory answer. When you compare your answers 
with the key, count an answer right if the decimal point is cor¬ 
rectly placed. 
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(1) 7814X31.52 

(2) 5.23X10.41 

(3) 0.27 X0.0062 

(4) 0.32-f-0.004 

(5) 42.9-^0.07 

(6) 0.024-7-0.04 

(7) (0.03)2 


(8) (41.2)2 

(9) vSeoooo 

(10) V8524I 

( 11 ) vaoos 

(12) VO005 

(13) -v/TiOS 

(14) \/0:06 


w) 4/f 

06) 

(17) ^ 

(18) 

Vm^ 
(20) 4/5^ 


4 . In each of the following, select the value which is the best answer 
for the computation indicated at the left. Do not perform the 
computation, but select the best answer by inspection. Write 
the number of the correct answer on the line at the right. 


(1) (463)(0.10) 

=463 

(2) (0.030) (0.2) 

=0.6 

(3) 3(7.500) 

= 22.5 

(4) (5.3)(1.2) 

= 6.36 

(5) .12-^.0002 

= .06 

(6) (0.1)2 

= 0.1 

(7) 0.34-M2 

= 2.8 

(8) 0.042 

= 4.2% 

(9) 0.0092 

= 92% 

(10) 43.2-^2.4 

= 18 

(11) (0.05)2 

=0.25 

(12) -v/365 

= 6.0 

(13) ^ 

= 2.83 

(14) VO.Ol 

=0.1 


2 

3 

4 

46.3 

4.63 

4630 

0.06 

0.006 

0.0006 

225 

2.25 

0.225 

636 

63.60 

0.636 

600 

.0006 

.000006 

0.01 

0.001 

0.0001 

0.28 

0.028 

0.0028 

42% 

0.42% 

0.042% 

9.2% 

0.92% 

0.0092% 

1.8 

180 

1800 

0.05 

0.025 

0.0025 

60 

191 

19.1 

3.54 

0.112 

0.354 

.01 

0.001 

0.0001 
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1 

£ 

8 

4 


(15) =0.7 

0.5 

0.75 

0.866 

— 

(16) \/0.00004 =0.06 

.002 

0.006 

0.0002 

— 

(17) VO =9 

0.9 

2.8 

0.28 

— 

(18) ^17403 =417 

41.7 

13.2 

132 

— 

(19) 48-5-6000 =0.8 

0.08 

0.008 

8000 

— 

(20) 4.8-5-60.00 =8 

8% 

0.8 

0.8% 

— 


Second Test 

In each of the following, select the answer which is the best 
value for the computation indicated at the left. Do not per¬ 
form the computation, but select the best answer by inspec¬ 
tion. You may assume that one of the four given answers 
is correct. Write the number of the correct answer on the 
line at the right as in Question 1. 



1 

2 

8 

4 


1. (0.05) (3.76) 

= 18.8 

1.88 

0.188 

0.0188 

3 

2. 0.006-5-30 

=0.02 

0.002 

0.0002 

0.00002 

— 

3 . (7.22) (4.03) 

= 2.91 

29.1 

291 

2910 

— 

4 . 0.765-5-0.03 

= 255 

25.5 

2.55 

0.255 

— 

5 (.03)(.12) 

40 

=0.09 

0.009 

0.0009 

0.00009 

— 

6. (0.08)^* 

=0.64 

0.064 

0.0064 

0.00064 


7 . (0.2)» 

=4.0 

0.4 

0.04 

0.004 

— 

8 . y/m 

=8 

80 

25.3 

2.53 

— 

9. -V0.0081 

=0.9 

0.09 

0.28 

0.028 

— 

10. VI-(.4)* 

=0.92 

0.84 

0.60 

0.96 

— 

11. v^ 

= 1.58 

0.50 

5 

15.8 

— 

12. VO.0625 

=0.79 

0.079 

0.25 

0.025 

— 

18. V0.000009 

=0.03 

0.003 

0.094 

0.0094 

— 
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1 

2 

3 

4 

14. 

0.04 =.4 

.400 

.004 

.040 

15. 

1.4 =.14% 

.014% 

1.4% 

140% 

16. 

0.006 = 0.6% 

6% 

0.06% 

0.006% 

17. 

(.2000) (15) =3 

300.0 

.0030 

.3000 



VI 

SHORT CUTS IN COMPUTATION 

Importance. This chapter is not intended for the person 
who expects to be a professional computer, but for the per¬ 
son who is inept in numerical work and who finds inaccuracy 
and slowness of computation a serious handicap in his study 
of elementary statistical methods. This discussion is planned 
for the person who expects to do a relatively small amount 
of computing, so that learning expert methods is not a wise 
investment of his time. The professional computer will use 
a computing machine and will master all the various checks 
and short cuts appropriate to its use, none of which are 
mentioned here. There is a steadily increasing literature rela¬ 
tive to such devices, to which the professional computer is 
referred. Such a person will endeavor to reduce everything 
to mechanical processes, doing as little mental work as pos¬ 
sible. There is, however, a large number of students whose 
main purpose in studying statistical method is not to learn 
to make extensive statistical studies but to understand and 
to interpret such. Since students of this type find themselves 
faced with the necessity of performing certain computations 
in order to develop statistical concepts, their main interest 
in studying computational methods is to effect an immediate 
economy of time. For such persons this section is written. 

General Considerations. A prime essential for competent 
numerical work is an undivided mind. There is nothing more 
certain to produce errors in computation than allowing the 
attention to wander momentarily during the course of the 
work. A not uncommon cause of such inattention is fear. 
A student begins to add a column of figures. Halfway up the 
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column he is distracted by the thought, “I make a great 
many mistakes in work of this sort. This time, however, I 
shall try very hard to be careful. Perhaps I have already 
made a mistake! I wonder if I ought to go back and start 
this column again?’’ By this time the damage has been 
done. Working very slowly and cautiously seems only to 
increase the tendency to errors due to momentary lapses of 
attention. Most persons do more accurate work when they 
achieve a certain abandon. At first it may seem sheer reck¬ 
lessness to compute at top speed, but eventually most persons 
develop thereby a concentration which tends to eliminate 
errors caused by fleeting daydreams. 

Any person of even dull-normal intelligence can learn to 
perform the computations called for in statistical work, if 
he really desires to do so. Not infrequently, however, an 
adult has carried over from his grade-school arithmetic ex¬ 
periences a firm but unfounded belief in his own inability to 
deal with numbers, so that old fears and inhibitions make it 
difficult for him to give undivided attention to the problem 
at hand. A small amount of definite, determined practice 
often serves to eradicate the obstacles. 

Addition 

Combining Groups of Numbers. Speed and 
economy in adding comes largely from the abil¬ 
ity to see at a glance the sum of a group of num¬ 
bers, to think of numbers in groups. A person 
adding the figures in Example 1 will work slowly 
if he thinks ''3, 9, 10, 12, 15, 20, 28, 35”, and 
will save a good deal of time if he thinks of 3,6, 
and 1 in a group, recognizing their sum in¬ 
stantly as 10, so that he can think, 10, 20, 35”, 
adding by groups without attention to the in¬ 
dividual numbers. 


Example 1 

6 10 


10 


15 
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Exebcisb 7 

Practice adding the following columns in this fashion, then set 
down columns for yourself at random to afford as much further 
practice as you need. Add first by combining the numbers into 


groups of two as you go along the column, then later take larger 
groups into combination. 

(a) 6 

(b)8 

(c)2 

(d)3 

(e)5 

(0 8 

(g)3 

(h)9 

9 

5 

7 

5 

6 

5 

4 

3 

2 

2 

6 

4 

8 

7 

5 

6 

3 

5 

3 

4 

3 

6 

2 

6 

8 

3 

4 

6 

9 

9 

8 

8 

2 

1 

5 

2 

2 

4 

9 

4 

3 

9 

1 

1 

4 

6 

6 

5 

2 

4 

8 

7 

7 

7 

1 

7 

5 

6 

4 

9 

6 

5 

8 

4 

8 

2 

7 

5 

3 

4 

6 

5 

2 

5 

8 

4 

2 

4 

3 

3 


Adding Two Columns at Once. It is often 
convenient to add two columns at once, adding 
the ten’s digit and the unit’s digit separately. 
Thus in Example 2, we might think, adding 
downward, “35, 75, 82, 90, 150, 230, 237’’, or 
adding upward, “87, 95, 155, 195, 202, 207, 
237 After a little practice one learns to take 
advantage of easy combinations for adding 
both digits at once. In Example 3 we might 
add downward “78, 80, 90, 155, 165,167, 170, 
180,220,223’’, but it would require only a little 
practice to be able to omit all except the num¬ 
bers printed in bold faced type. It is helpful 
to learn to recognize easy combinations which 
make multiples of ten, such as 65+12+13=90. 


Example S 
35 
47 
68 
87 
237 

Example 3 

78 

12 

65 

12 

13 

_43 

223 
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Exercise 8 


Practice finding these sums, adding two columns at once, adding 
both upward and downward as a check. 


(a) 63 (b) 27 (c) 87 (d) 91 (e) 63 (f) 75 (g) 68 (h) 15 


25 

13 

91 

87 

92 

59 

76 

62 

67 

62 

32 

17 

35 

87 

19 

47 

41 

45 

28 

36 

15 

43 

53 

39 

82 

28 

46 

24 

43 

36 

17 

33 

52 

24 

29 

72 

15 

92 

44 

41 

25 

16 

45 

54 


86 

96 

16 

24 

95 

91 

97 

29 

21 

82 

25 

73 

16 

44 

86 

38 

24 

27 

83 

35 

72 

94 

72 

49 

84 

33 

16 

63 

21 

87 

23 

13 

76 

22 

46 

29 

84 

93 

72 

47 

19 

46 

84 

53 


Checking, Many mistakes in ad¬ 
dition are made in carrying. To 
avoid these and to provide a check, 
it is helpful to set down the sum 
of each column separately when 
adding numbers of several digits, as 
in Example 4. As a check the col¬ 
umns may be added in reverse or¬ 
der, beginning with the left hand 
column, adding upward if the first 
addition was performed downward, 
and vice versa. See Check 1. An¬ 
other check would be provided by adding two columns at a 
time, as in Check 2. In the example shown here an error has 
been purposely made in setting down the sum of the ten*s 
column, to illustrate how the check would reveal such an 
error. 


Example ^ 

Check 1 

3692 

14 

4875 

25 

2398 

37 

1647 

28 

4286 

16898 

28 


73 

Check i 

25 

398 

14 

165 

17258 

16898 
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Another method of checking is to Example 5 
divide the example into two parts, 52463 
and to find the sum of each part sep- 23897 
arately, as in Example 5. 68456 

Set down numbers at random, 23874 168690 
add and check, until you feel con- 92901 
fidence in your own accuracy. 50325 

41006 

26583 

48761 259576 
36 428266 
43 
48 
33 
39 

428266 

Multiplication 

Most of the short cuts which promote rapid multiplication 
are of relatively little value in statistical work. In general 
these short cuts are effected by performing a large part of 
the work mentally. The amateur computer would not re¬ 
ceive sufficient return on his investment of time to make 
it profitable for him to learn to set down the product of 
43X87 at sight. He can perform hundreds of such multi¬ 
plications in the time it would take him to develop accuracy 
in the mental process. The professional computer has even 
less use for such mental short cuts, because his best means 
of improving the quality of his work is to make it more 
mechanical, not more mental. The more he attempts to 
carry in his mind, the more opportunities there are for error 
in his results. There are, however, a few short cuts which 
are of general usefulness. 
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Multiplication by Powers of Ten. Multiplying a number 
by 0.01, 0.1, 10, 100, 1000, or any other power of 10 is ac¬ 
complished by setting the decimal point the appropriate 
number of places to the right or the left. 

Multiplication by 25, SO, 75, 125. Since 25=^, the 
quickest way to multiply a number by 25 is to divide it by 
4 and set the decimal point two places to the right. By do¬ 
ing this you divide by 4 and multiply by 100, which is equiva- 

147^00 

lent to multiplying by 25. The product of 1473X25 = —— 

= 36825. Since 0.5=|, 50=^^, 5000=^^^, the quickest 

way to multiply by such a number is to divide by 2 and 
move the decimal point to take care of the multiplication by 

the power of 10. Since 75=^~> an easy way to multiply by 

75 is to multiply by 3, divide by 4, and adjust the decimal 
point. To multiply by 125, divide by 8 and move the decimal 
point 3 places to the right. Multiplication by such numbers 
as 7.5, 12.5, 0.025, or 0,0125 may be similarly performed. 

Exercise 9 
Perform the following multiplications: 


(1) 7.5X367 

(5) 6837X1.25 

(2) 983.4 X0.25 

(6) 86.3X2.5 

(3) 14.633 X 500 

(7) 1532 X0.075 

(4) 236 X 750 

(8) 694 X 25 


Multiplication by Numbers such as 299 or 396. When 
the multiplier is a little less than some integral multiple of 
100, it is easy to multiply by the larger number and correct 
the result by subtraction. This general principle is also used 
in machine computation. The multiplication in Example 6 
is based on the fact that 299 = 300—1 and that therefore to 
multiply by 299 we can multiply by 300 and subtract the 
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multiplicand. In Example 7 we have 396 = 400— 4, so that 
723 X396 = 723 X400 —723 X4, In Example 8 we have 2997 
=3000 - 3. 


Example 6 

467 X299=139633 

_ ^ 

140100 

_ m 

139633 


Example 7 


723 X 396 = 286308 
4 

2892 

2892 

286308 


Example 8 


49.31 X2.997=147.78207 
3 

14793 

14793 

147.78207 


Exercise 10 

Perform the following multiplications, taking advantage of the 
device described in the preceding paragraph. 

198 X815 99X724 3996X1471 

998X364 2.999X31.4 6998X862 

1998X736 79.2X6.35 59.9X 3.29 

Squaring a Number Ending in S. To square a two-place 
number ending in 5, multiply the ten’s digit by one more 
than that digit and annex 25. Thus to square 85, multiply 
8X9 and annex 25, the result being 7225. The explanation 
of this rule depends upon the formula for squaring a bi¬ 
nomial as found in Chapter XV. Study the following il¬ 
lustrations. 

(a-|-6)*= a«+ 2ab +b^ 

(35)*= (30+5)*= 30*+ 2(30)(5)+5* 

= 30*+ 10(30)+5*= (40)(30)+5» 
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(65)*= (60+5)*= 60*+ 2(60)(5)+5* 

= 60*+ 10(60)+5* = (70) (60)+5* 
(125)*=(120+5)*=120*+2(120)(5)+5* 

= 120*+10(120)+5*=(130) (120) +5* 


Complete the following table by inspection: 


15*= 2 25 

65*=42 25 

115*=132 23 

25*= 6 25 

75*= 

125*=156 25 

35*=12 25 

85*= 

135*= 

45*=20 25 

95*= 

145*= 

55*=30 25 

105*= 

155*= 


Multiplication of Two Consecutive Numbers. If one 
knows the squares of all the numbers up to 20, it is easy to 
perform such a multiplication as 13X14 by thinking 13*+13 
= 182. Thus 

12X13 = 12*+12 = 156 
13X14=13*+13 = 182 
14X15=14*+14=210 
15X16=15*+15=240 

Any person who expects to do much statistical work will 
find it a convenience to know the squares of the numbers 
up to 20 or 25. 

Checking. The best check for multipUcation is to repeat 
the process, interchanging multipUer and multiplicand. The 
check by “casting out nines” cannot be recommended for 
statistical work. It is not infallible, and in particular it fails 
to detect the very common error of exchanging digits. Writ¬ 
ing 28 instead of 82, or 364 instead of 463 is a type of mistake 
which even fairly good computers make occasionally. “ Cast¬ 
ing out nines ” does not reveal errors of this type. 

A slide rule provides an admirable check for multiplication, 
division and square root. The slide rule is far less useful 
than a computing machine for most statistical work, but to 
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the person working without a machine it is a valuable aid, 
especially as a check on other computation.* 


Division 


Short cuts in division are based chiefly on the fact that 
multiplication is easier and quicker than division and that 
short division is easier and quicker than long division. The 
more digits there are in the divisor, the more desirable it is 
to utilize a short cut. 

/ Division by Factors. To divide by 24 we can divide 
successively by 4 and 6, or by 8 and 3, thus substituting two 
easy short divisions for one long division. Compare the 
number of figures in Examples 9 and 10. 


Example 9 

24)32265) 1344.375 

24 

82 

11 . 

106 

105 

9 ^ 

90 

ZL 

180 

120 

120 


Example 10 


4) 32265 

6) 8066.25 

1344.375 


8 )32265 

3) 4033.125 

1344.375 


Multiplication by factors does not in general afford a 
great saving of time, although it provides a possible check 
on other multiplication. 

* Keuffel and Esser publish a very complete manual of instructions for 
the use of the slide rule. 
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Exercise 11 

Perform the following divisions, utilizing the device of successive 
divisions by factors, and check. Perform one or two of the computa¬ 
tions by long division in order to compare the amount of time 
required for the two methods. 

946.5-^18 17.683-^5.6 369.21-r-6300 

1.037-^-32 253.41~0.54 5281.3-^35 

72.35^3.6 913.46-^0.48 792.57-J-6.4 

324.9-^27 25.623^210 2.1478-^4.5 

8289 4-420 5.6134-^72 47.263-^-1.6 

Division by Equivalent Multiplication. Time can often 
be saved in division by recognition of the principle that 
division by a number is equivalent to multiplication by the 
reciprocal of the number. The reciprocal of a number is the 
result of dividing 1 by that number. Thus i, 5, f, and 
.02064 are respectively the reciprocals of 4, f, and 48.45. 

h c 

(See Chapter X on Fractions.) Thus a-i-- = a X -• Study 

^ 0 

the following illustrations. 


Equivalence 

Rule 

A pplication 


To divide by 25, multiply by 4 
and set decimal point two places 
to the left 

317-25 = 12.68 

4 

1268 


To divide by 50, multiply by 2 
and move decimal point two 
places to the left 

6784-50 = 13.56 

2 

1356 

75=?^ 

To divide by 75, multiply by 4, 
divide by 3, and set decimal 
point two places to the left 

686-^75 = 9.1467 

4 

3)2744 

914.67 

8 

To divide by 375, multiply by 8, 
divide by 3, and set decimal 
point three places to the left 

1486-^375 = 3.96267 

8 

3)11888 


3962.67 
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Equivalence RtUe Application 

1 divide by 15, multiply by 2 , 3372 16 « 224.8 

15 divide by 3 , and set decimal _ 2 

point one place to the left 3)0744 

_22S_ 

Study the placing of the decimal point in the following: 

0.317-f-0.25=1.268 1486-^3.75 =396.267 

3174-2.5 = 126.8 6784-5000=0.1356 

31704-250 = 12.68 6784-0.5 = 1356 

68604-7.5 =914.67 33724-1.5 =2248 

6864-0.75 = 914.67 33724-0.15 = 22480 

Exercise 12 

Perform the following divisions and check results. (See below for 
methods of checking.) 

372-^75 9.2414-25 5621-f-150 

14684-500 86.48-^3.75 237-J-7.5 

13.24-M.5 62974-45 0.6824-0.05 

Table of Reciprocals, Division by a number n is obviously 
equivalent to multiplication by Published tables of recip¬ 
rocals are available (e.g., Barlow's Tables of Squares, Cubes, 
Square Roots, Cube Roots and Reciprocals, London, E. & 

F. N. Spon, Ltd.) from which one may read the value of ~ 

for any number up to 100000. One of the easiest ways to 
divide by a large number is to look up its reciprocal in such a 
table and to multiply that reciprocal by the dividend. This 
method is much used in machine computation. 

Checking. The best check for division is multiplication. 
When there is no remainder, the product of the quotient and 
the divisor should exactly equal the dividend. When there is 
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a remainder, if it is added to the product of the quotient and 
the divisor, the result should be equal to the dividend. 

Division by successive factors maybe checked by reversing 
the order of the factors. This of course does not guard against 
a mistake in selecting the factors. 

One of the best checks for any sort of computation is the 
habit of estimating the answer in advance. (See pages 35 
and 36.) This is a valuable safeguard in work with decimals. 
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ALGEBRAIC SYMBOLISM 
Initial Test 

After taking this test, compare your answers with the 
key in the back of the book. If you have made any errors, 
study the explanations and practice exercises and take the 
second test. 

1. If Xi, xz, and are four numbers, what will represent 

(1) The product of the first and third divided by the sum of the 
second and fourth? 

(2) The result of multiplying the first by the sum of the other 
three? 

(3) The sum of the first two subtracted from the sum of the last 
two? 

2 . Translate the following rules into formulas. The letters in paren¬ 
theses are suggested as appropriate to use, and are the ones 

used in making up the answer key. 

(1) The present value (P) of a sum of money {S) due at some 
future time {t) may be found by dividing that sum by 1 plus 
the product of the rate (r) and the time (t). 

(2) The distance in feet (d) passed over by a freely falling body 
is approximately equal to 16 times the square of the time in 
seconds (t) during which it falls. 

(3) In a particular city, taxi-cab fares (F) are 25^ for the first 
i mile, 15|zf for each additional i mile, and for each 3 min¬ 
utes of waiting time. (F=number of cents in fare, m=num¬ 
ber of quarter miles traveled, number of minutes waiting 
time.) 

(4) The volume of a sphere (7) is equal to one-sixth of timea 
the cube of the diameter (d). 
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(5) If the difference of two numbers is subtracted from the sum 
of the same numbers, the result is always twice the number 
which was subtracted in finding the first difference, (n, n') 

3 . The total score (S) on a test is made up from the scores on three 
parts. The first part (P') is given a weight of 2, the second (P") 
of 3, and the third (P'") of 1. What is the total score? 

4 . A class is given one form of a test in November (P) and a second 
form of the same test in March (P')* Using subscripts to desig¬ 
nate children, write a formula for the gain made by the first 
child. 

6. In a true false test of n statements, the score is obtained by 
subtracting the number wrong from the number right. 

(1) If all the questions are marked, and w are wrong, how many 
are right? (P, n, w) 

(2) If all the questions are marked, and w are wrong, what is 
the score? (>S, n, w) 

(3) If q questions are omitted, and w are wrong, how many are 
right? (P, n, g, w) 

(4) If q questions are omitted, and w are wrong, what is the 
score? {Sj n, w) 

Practical Importance. The language of statistical method 
is highly symbolic, and to achieve any real understanding of 
statistics it is essential to be able to think in terms of symbols. 
The student who is not trained in mathematical methods 
and who has been accustomed to think only in verbal patterns 
usually experiences difficulty in reading texts on statistics 
until he acquires some degree of fluency in using the language 
of symbolism. One reason why many people find statistical 
method difficult is that for them a formula has never taken 
life, has never become a dynamic and concise statement of a 
general principle or relation, but remains static, artificial, 
arbitrary, unintelligible. It is not even enough that the 
student should acquire the ability to translate from sym¬ 
bolism into words; he should be able to use symbolism as a 
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language in which to express his own ideas. This ability is 
not difficult to acquire. 

This section presents the more elementary aspects of for¬ 
mula making in general, and should be mastered in order 
to understand Chapter XIII in which the material deals 
with symbolism used particularly in statistical method. 

Symbolism. In using algebraic symbolism, the following 
should be kept in mind. 

1. The first letter of a word is often used to represent a 
number. The number of males in a statistical study might 
be represented by m and the number of females by /, the 
number of adults by a, and the number of children by c. 
This would sometimes be impractical, as, for example, in a 
study of differences between city school children and country 
school children, and therefore the letters x, i/y and z, are 
commonly used instead of the more suggestive initial letters 
of words. Whether the letters used in an algebraic expression 
suggest words or not, they always represent numbers. 

2. Subscripts are used like adjectives. Thus to distinguish 

the number of boys in a school system from the number of 
girls we might write and Wq, or or Wi, W 2 , or 

ni, 712, but we would not write NB and NG. The latter is 
not onty poor form but is likely to result in misunderstanding. 
See 6 below. The mean salary paid to teachers in cities 
A, 5, and C might be indicated as Mb, Me, or 
>Sb, Sc, or Ml, M2, M3, or S\, S2, S3, but not MAy MJ 5 , 
MC, and not MSA, MS 5 , MSC. If one wanted to write 
about the mean salary paid teachers in cities A, J 5 , and C 
and also about the mean number of pupils taught by the 
teachers in these schools, a double system of subscripts might 
be used, as Mba, Mbb, Mac, and Mp^, Mpb, Mpc, or jMb, 
bMb, cjMsj and c^p, but not MSA and MPA. 

A number should be represented by a single letter, not by two 
or more written on the same line. 
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3. Primes and double primes may be used in much the 

same way as subscripts. Thus three numbers might be 
indicated by n, n', and n". The score of one child on an 
initial test might be Ti, and the score of the same child on a 
second test might be T[. For a second child we could have 
T 2 and 72) ^ third child and Tg, etc. It is often use¬ 

ful to combine primes and subscripts in this fashion, rather 
than to use a subscript of a subscript as was done in the 
previous paragraph. 

4. To increase the number of available forms, both capitals 
and small letters are used by scientific workers, and often 
the Greek alphabet is employed also. Thus we might desig¬ 
nate scores on three forms of an arithmetic test as A, a, a,, 
or A, A\ A'\ or Aij ^4.2, ^4.3. 

6. Signs like ft., bu., in., $, yr., lb., etc., are not used in 
algebraic formulas, because the formula is a statement of 
relation between pure numbers. 

6. The multiplication sign X is not often used in algebraic 
formulas. The product of two numbers, represented say by 
a and b, would usually be expressed by writing the letters 
together with no sign between them, as ab. Sometimes a dot 
raised above the base line is written between the two numbers 
which are to be multiplied, as a • 6, but the form db is much 
more common. Thus to indicate the product of the number 
of teachers employed in city A by the number of dollars in 
the mean salary paid in that city we might write 

or N^Sj, or or many other similar expressions. 

7. The sign -r- is almost never used in algebraic formulas. 

The quotient of a divided by b is usually written ^ or a/6 but 

0 

not often a-^b. 

8. Parentheses or brackets, ( ), { } > or [ ], may be 

used to show that an expression of more than one term is 
to be treated as one number. Sometimes parentheses are 
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placed around numbers which are to be multiplied together 
when there seems to be danger of confusion otherwise, as 
(6.2)(5.1). 

9. When a number is used more than once as a factor, 
this is indicated by an exponent. Thus 7X7X7X7 = 7^ 
15X15X15X15X15X15=15®, andr*r*r=r®. Notice that 
an exponent has mathematical meaning, whereas a subscript 
is merely descriptive. 

10. In writing one times a number the 1 is omitted. Thus i 
of 6n is 2n but i of 3n is written n, not In, and 7x-‘6x=x, 
not la;. 


Exercise 13 

1 . If n represents a given number, what will represent 

(1) Twice that number 

(2) Three more than the number 

(3) Seven less than 5 times the number 

(4) The product of the number and itself 

(5) Six divided by the number 

(6) The result of dividing 20 by two more than the number 

(7) The result of multiplying 5 more than the number by 2 less 
the number 

(8) The square of twice the number 

(9) Twice the square of the number 

2 . If riif n 2 , ns, and Ua are four numbers, what will represent 

(1) The sum of the four numbers 

(2) The product of the four numbers 

(3) The sum of the first two numbers multiplied by the sum of 
the last two 

(4) The result of subtracting the sum of the four numbers from 
the product of the four 

(5) The result of dividing the sum of the first two numbers by 
the sum of the last two 

(6) The first number multiplied by the sum of the other three 
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(7) The quotient obtained by dividing the third number by the 
sum of the others 

(8) The result of multiplying 10 times the first number by 4 times 
the second and dividing this product by 6 times the third 
number 

3. Study the correspondence between words and symbols in the 
following: 

Verbal Expression 
Think of any number 
Add 15 

Multiply the result by 2 
Subtract the original number 
Add 5 

Subtract the original number 
No matter what number was 
mainder is now 35. 

4. Write the symbolic equivalent for each step in the following: 

Think of any number 
Double it 
Add 40 

Multiply the result by 3 
Subtract 100 

Subtract twice the original number 
Divide by 4 

The result is now 5 more than the number chosen in the beginning 

6. Write the symbolic equivalent for each step in the following: 

Think of any number 
Add 25 

Multiply this sum by 4 
Add the original number 
Divide by 5 

Multiply the result by 2 
Subtract 40 

The remainder is twice the original number. 


Symbolic Expression 

X 

x+15 

2(a:+15)=2a:+30 
2x+30-x=-x+S0 
a;+30+5=a:+35 
x+35-x = 35 

chosen in the beginning, the re- 
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6 . Below are sentences which are to be translated into the shorthand 
of algebra. The letters inclosed in parentheses after each sentence 
are the letters which have been used in the key. Any other letters 
which seem appropriate could of course be used just as well. For 
example, the sentence ‘‘There are two numbers such that if 
5 times the first is subtracted from twice the second the result 
will be 12” might be translated as 2a;—5?/ = 12, 2?/—5a; = 12, 
2 n 2 ~ 5ni = 12, 2a;2—5a;i = 12, or in a vast number of other correct 
ways. 

(1) There are two numbers whose sum is 45. (rii, riz) 

(2) There are two numbers whose difference is 6. (a;i, X 2 ) 

(3) There are two numbers such that ^ of the first plus ^ of 
the second is 20. (a;, y) 

(4) If three times a number is added to 7 times the same num¬ 
ber, the result will be 10 times the number, (n) 

(5) There are three numbers whose sum is 90. (rii, n2, riz) 

(6) In a particular class, there are 5 more girls than boys. 

(7) The number of pupils in all the schools of a particular city is 
made up of the number of pupils in the high schools plus the 
number in the grades plus the number in the kindergartens. 
(iVc, ATh, Ao, N^) 

(8) If 7 times any number is subtracted from 8 times that num¬ 
ber, the remainder will be the number, (x) 

7 . Write a formula for 

(1) The total surface of a rectangular solid. (SflyWyh) 

(2) The volume of a rectangular solid. (F, Z, Wy h) 

(3) The interest on a given principal, for a given time at a given 
rate, (t, P, r, t) 

(4) The value in cents (Fc) of a pile of coins in which there are 
d dimes, n nickels, q quarters, and p pennies. 

(5) A taxi fare if the rate is 15^4 for the first quarter mile and 
10j4 for each additional quarter mile plus 5f4 for each 3 min¬ 
utes of waiting time. (P=fare in cents, 5=number of 
quarter miles traveled. t(;=number of minutes of waiting 
time.^ 
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( 6 ) The reading on a Centigrade thermometer when the reading 
on a Fahrenheit scale is known. (C, F) 

(7) The reading on a Fahrenheit scale when the reading on a 
Centigrade scale is known (F, C). 


8 . Translate the following into words: 


(1) Ili + 7l2=17 

(2) ni=2n2 

(3) 4r+3i/ = 50 

ni+rii 

(4) 


-5 


riz 


(5) x^y+7 

( 6 ) 2x+3=y 

(7) 6n+5n=lln 

( 8 ) 50x-20x=30x 


Second Test 

1 . If Wi, ^ 2 , and fiz are three numbers, what will represent 

( 1 ) The sum of the first two divided by the third 

(2) The result of multiplying the second number by the sum of 
the other two 

(3) The product of all three numbers 

2 . Translate the following rules into formulas. The letters in paren¬ 
theses are suggested as appropriate to use, and are the ones used 

in making up the answer key. 

( 1 ) The area of a trapezoid is equal to one-half the altitude 
times the sum of the two bases. (A, /i, 6 i, 62 ) 

( 2 ) If a sum of money is put at interest for a given period, the 
amount at the end of that time will be equal to the principal 
multiplied by 1 plus the product of the rate and the time. 
(A, P, r, t) 

(3) The area of the surface of a sphere is 4 times t times the 
square of the radius. (A, r) 

(4) To send a parcel post package to a given place costs 8 cents, 
for the first pound and 6 cents for each additional pound. 
(Let C=cost in cents, w?=weight of package in pounds.) 

(5) The result of adding 3 times the sum of two numbers and 
5 times the sum of these numbers is always 8 times the suna 
of the numbers, (n, n') 
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3 . The total score on a test is made up from the scores on three 
parts. In the composite, the first part is given a weight of 1, the 
second part of 3, and the third part of 4. What is the total 
score? (aS>t, Si, S 2 , Ss) 

4 . A class took an initial test in October and a final test on the 
same subject in December {T and T'). Using subscripts to des¬ 
ignate children, write a formula for the gain made by child 5. 

6 . In a true false test of t questions, the score was obtained by sub¬ 
tracting the number wrong from the number right. 

(1) If all the questions were answered, and r of them were right, 
how many were wrong? {w, r) 

(2) If all the questions were answered and r of them were right, 
what was the score? (aS, ty r) 

(3) If n were omitted and r were right, how many were wrong? 
(Wy ty r, n) 

(4) If n were omitted, and r were right, what was the score? 
(5, ty Ty n) 



VIII 

SIGNED NUMBERS 
Initial Test 

After taking this test, compare your answers with the key 
in the back of the book. If you have made any errors, study 
the explanations and practice exercises and take the second 
test. 

1 . Find the results of carrying out the indicated operations. 

(1) (2a-6+3c)~2(5c-a+a:-2) 

(2) (2a:-3^~l)+3(2/-2a:-3) 

(3) -4(a-2n+4) 

(4) (6p-12^+18r-6)-^(-3) 

2 . Place a check mark in front of each of the following which is 
necessarily a positive number no matter whether the letters 
themselves have positive or negative values. 


(1) a 

(7) V4a> 

(13) a^-|-ac4-6c 

(2) a-{-b-\"C 

(8) {ar 

(14) abc 

(3) 

(9) (-a)* 

(15) (V+6*+c») 

(4) 

(10) {-ay 

(16) 

(5) a^+6^+c^ 

(11) {-ay 

(17) ^a 

(6) a^+b^+c^ 

(12) ab 

(18) ^a^ 


8. In the following expressions, suppose that none of the variables 
has the value zero, although any or all of them may be negative. 
It follows that some of the expressions may be negative in value 
or may be zero when positive and negative values exactly bal¬ 
ance, while others can be only positive. Place a check mark in 
front of each expression for which zero is a possible value. 

(1) x+y+z+w (4) x^+y*+z^+w* 

( 2 ) ( 5 ) 

(3) x^+y^+z^+w^ (6) ^x+^y+^z+^yw 
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Meaning of Negative Sign. When we wish to distinguish 
between opposite directions from a common starting point, 
we usually consider one direction as positive and the other 
negative. Thus if a man travels 10 miles east from A, we 
may record his distance from A as +10, while if another 
man travels 10 miles west from Ay we may record his dis¬ 
tance from A as —10. Their journeys are equally long but 
in opposite directions. In the same way 16° above zero is 
commonly written +16°, and 16° below zero written —16°. 

I _I_!_^_I_^^_I_ \ _ \ _ 

-4 -3 -2 -1 A 1 2 3 4 5 

Thus a minus sign has two meanings. It may be used as a 
symbol of operation to indicate that subtraction is to be per¬ 
formed. It may also be used to indicate direction from an 
origin. In practice this double use causes no confusion 
whatever. 

Absolute Value of a Number. The plus sign as a symbol 
>f direction is commonly omitted, and when we see a number 
with no sign before it we understand it to be positive. Thus 
60 is understood to mean +60, and 0.5 is understood to mean 
+0.5. Sometimes we wish to direct our attention to the 
size of a number without regard to its sign. Thus we may 
speak of a journey of 5 miles, teUing the extent of the journey 
without stating its direction, or we may speak of a change of 
10° in temperature without telling whether the change is up 
or down. The size of a number irrespective of its direction is 
called its absolute value, or its numerical value, or sometimes 
its arithmetic value. If n is any number, positive or negative, 
the absolute value of n is written In]. Algebraically +1 is 
larger than — 1, but numerically they are equal. Algebraically 
—3 is smaller than —2, but numerically the first is larger. 
The absolute value of 5 is smaller than the absolute value 
of —8, but on a scale of directed values, 5 would be the 
larger. 
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Addition and Subtraction of Signed Numbers. 

Rule 1. (a) To add numbers with the same sign, add 

the absolute values of the numbers and 
prefix the common sign. 

(b) To add two numbers with unlike signs, 
find the difference in their absolute values 
and prefix the sign of the larger number. 

(c) To add several numbers with unhke signs, 
add the positive numbers and the nega¬ 
tive numbers separately by rule (a), then 
add the two sums by rule (b). 

Rule 2. To subtract one signed number from another, 
consider the sign of the subtrahend to be 
changed and proceed as in algebraic addition. 

Exercise 14 

1 . Arrange the following numbers in order of their algebraic values, 
beginning with the smallest: 

2, -3,6, -5, 0, -0.1, 4.3, 0.5, -0.7 

2. Arrange the same numbers in order of their absolute values, 


beginning with the smallest. 

3. Add: 


(1) -43 

(3) +12 (5) 13 

- 7 

- 5 -1 

(2) -20 

(4) 0 (6) -5 

+ 6 

+16 _0 

4. In Exercise 3 above, subtract the lower number from the upper. 

6. Add: 

(2) P- 43 + r 

(1) Zx-2y+ 5 

g—3r+s 

I> o 

1 + 

+ 1 

1 1 

(3) n—4r—s 

x+6j/- 2 

2n— r—s 
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6 . Subtract the second number 
from the first: 

(1) c-4d+ / 
c-5d-3f 

Multiplication of Signed Numbers. Every one is familiar 
with the fact that multiplication by an integer is merely a 
short method of performing repeated addition, and that 
therefore our rules for multiplication are merely rules for 
finding the results of repeated addition. Thus 3(6) = 6+6+6 
and 5a=a+a+a+a+a. Perform the four additions, and 
then summarize your results by writing the values of the 
products indicated below. 

— 1 2a —dab x—5y+2w —a+106—4 

— 1 2a —dab x—5y+2w —a+lOb—i 

— 1 2a —dab x—5y+2w 

— 1 2a —dab 

-1 2a 

2a 

5(~1) = ? 4(-3a6) = ? 2(-a+106-4) = ? 

6(2a) = ? d(x-5y+2w) = ? 

In the section dealing with the order of operations, we 
saw that changing the order of factors would not affect 
their product. Therefore 5( —1) = ( —1)(5) = —5 and 4(—3ab) 
= (—3a6)(4) = — 12a6. It is safe to generalize, then, and 
say that the product of a positive number and a negative 
number is a negative number. 

We must now consider the product of two negative num¬ 
bers, and the rule for the sign of such a product may be dis¬ 
covered by a study of the following identities: 


(2) bx+2y—dw 
—x+4cy—dw 

(3) 2A:-"3^+4m--2 

t—dm—^+n 
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6(8—12) = 48 — 72 = — 24 which agrees with 

6(8~12) = 6(-4) = -24. 

—3(2+5) = —6—15= —21 which agrees with 

-3(2+5) =-3(7) =-21. 

Now while we have not yet agreed as to the value of 
(—4) (—3), still we can agree that —4(7 — 3) must be 
equal to —4(4) or —16. Therefore (—4)(—3) must be a 
number which will make —4(7—3) equal to —16. Now 
-4(7-3) = -4(7) + (-4)(-3) = -28 + (-4)(-3) =-16, 
and therefore (—4) (—3) must be a number which can be 
added to —28 so that the sum will be —16. This number 
is+12. Further study of such illustrations would lead us 
to 

Rule 3. (a) When two numbers have like signs their 
product is positive, when they have unlike 
signs their product is negative. 

(b) When a product contains an odd number of 
negative factors, it is negative; when it 
contains an even number of negative factors, 
or no negative factors, it is positive. 

Division of Signed Numbers. By carefully working 
through the questions below, you should discover the rule 
for the sign of a quotient. It must be remembered that 
division is the reverse of multiplication, that if a5 = c, then 
a=c^6 and b = c-^a. 

(1) (—6)(—2)=- and therefore 10-^(—5)=- 

(2) (6) (5) =- and therefore 30-^5 =- 

(3) (—1)(—1) =- and therefore l“r(—1)=- 

(4) (5) (—3) =- and therefore —15-^(—3)=- 

(5) (20) (—3) =- and therefore -604-20 -- 

(6) (—1)(7) =- and therefore —74-(—1)=- 
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A generalization suggested by these answers is: 

Rule 4. When two numbers have like signs their quotient 
is positive and when they have unlike signs their 
quotient is negative. 


Exponents. The repetition of a factor in a product is 
usually indicated by the use of an exponent. Thus 

aXaXa=a8, 2X2X2X2X2=25, 

{xyz) (Sxy) (4:xz) = 12x^yh^, 


It should be noted that x=x^ and n=n^. The first power of 
a number is usually written without any exponent. 

Division of a Monomial by a Monomial. A monomial is 

2 & ^a^Tb 

an algebraic expression of one term, such as 13a, —> - 75 —• 

c Zx 

A binomial is an algebraic expression of two terms, such 
as x+Zy, a’+ 6 ’, or ^nyq —-—• 

Th 

A trinomial is an algebraic expression of three terms, such 
as d^+2ab+b^ or n^-‘2n^+l, A polynomial is an algebraic 
expression of more than one term, such as c+d, 3x+2, 
n^Sn^+2n—5j or a®+7a5— 2 a^+a^—3. 

Division of a monomial by a monomial involves little 
difficulty beyond attention to signs and exponents. 

Divide 28a'^b^c by 2ab^c. 


__ . 28a}bh 28aabbbc 

We may wnte this 

Since division of both terms of a fraction by the same number 
does not change the value of the fraction, therefore 


28q^6»c 

2o6*c 


= 14o6 


Perform the following divisions: 

(1) 6a‘-5-2a» (3) x'^x^ 

^X^x^y*-i-Zx^y (4) 15n®-r 3n* 
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In general, when m is larger than n, The 

value of when m is not larger than n will be considered 

later. 

Multiplication of a Polynomial by a Monomial. We have 
already seen that 3(a:—52/+2i6?) = 3x—ISy+biy. In general, 
to multiply a polynomial by a monomial, every term of 
the polynomial must be multiplied by the monomial. 
When the monomial multiplier is positive, the signs of the 
terms in the polynomial are not changed, when the multi¬ 
plier is negative, the sign of every term in the polynomial 
is changed. In such an expression as S(x—y)'-(2x—y) we 
may consider that the expression 2x—y is multiphed by —1. 

Division of a Polynomial by a Monomial. Again we will 
find the process of division by reversing the process of 
multiplication with which we are already familiar. Study the 
first two statements below until their meaning is clear, then 
complete the remaining statements by filling in the blanks. 

(1) 3(2a+x—3t/)=6a+3x—9t/, 

therefore (6a+3x—92/)-^3 = 2a+x—32/. 

(2) —a(a—36+1)= —a^+3a6—a, 

therefore (—+3a6 — a)-r*(—a)=a—36+1. 

(3) -xy{x^-y^) = -x^y+xy^, 

therefore {—x^y+xy^)-7’{—xy)= -. 

(4) 7(x~2/+4) = 7x-7^+28, 

therefore (7x—7y+28)-^7=-. 

(5) 26(a+36-c)=-, 

therefore ( 206 + 66 ^— 26 c) -r 26 --<, 

(6) --n(n2—3)=-, 

therefore (—n*+3n)-^(-”n)=-. 

(7) -2r2(5~3r+l)=-, 

therefore (--2r^s+6r®—2r^)-r'( —2r2)=-. 

(8) -(x-22/+5)=-, 

therefore (—x+2t/—5)-?-(—1)=-. 
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When a polynomial is to be divided by a monomial^ every sepc^ 
rate term of the polynomial must be divided by the monomial. 

Sign of a Power. By the rule for the sign of a product, we 
see that every odd power of a negative number is negative, 
and every even power is positive. Of course every power of 
a positive number is positive. 

Sign of a Root. We know that {+a){+a) = H-a^, 
and that (—a) (—a) = H-a^. 

Consequently a^ has two square roots, +a and —a. If, 
then, we know that a^=25, we write a ==±=5. However it 
is customary to use to mean the positive root, or +5, 
and to write — when we mean —5. Thus is a posi¬ 
tive number, just as any other number not preceded by a 
sign is considered to be positive. To indicate both roots of the 
number x we must use the double sign, writing =*= \/x. This 
sign is read ^^plus or minus.^^ It would be correct to write 

a;^=49, therefore x==^7 
It would not be correct to write 

a;=\/64, therefore x= ^8. 

Since all odd powers have the same sign as their roots, 
then it must follow that an odd root has always the same 
sign as its power. Consequently or must be a 
positive number when a is positive and a negative number 
when a is negative, just as a®, a^, a^, a®, etc., are positive num¬ 
bers when a is positive and negative numbers when a is 
negative. We will rule out of consideration the even roots 
of negative numbers. These involve what are known as 
imaginary numbers^' and are not needed for an under¬ 
standing of elementary statistical methods. 

We see then that a^, a^, a®, and in general a^^ are positive 
numbers no matter whether a is positive or negative. There- 
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fore a^+b^+c^+d^ must be positive, as must 

• •+a^n- 

But a^, a®, a’, etc., may be either positive or negative, and 
consequently a^+¥+c^ might be positive, might be nega¬ 
tive, or might be zero if positive and negative numbers ex¬ 
actly balance. Since is positive, and (a^)^ must both 
be positive. 

Inverse Operations. Raising a number to the nth power 
and taking the nth root are inverse operations. There are 
in mathematics several such pairs of operations, so connected 
that the effect of one operation cancels the effect of the other. 
Familiar examples are addition and subtraction, multi- 
pUcation and division. Study the following questions and 
answers to see their parallelism. 

Answer 


What is the cost of an article which costs $5? $5 

What is the name of the man whose name is Scott? Scott 
What is the square root of a number whose square 
root is 6? 6 

What is the square root of a number which is the 
square of n? n 

What is the square of a number whose square is x? x 
What is the square of the square root of r? r 

Symbohc statements similar to the foregoing are: 

= 2 

( Vr)^ = r 

V(,x—a)^ =x—a 


= 2 

( Vr)^ = r 

V(,x—a)^ =x—a 



(Vl-r2)2=l-r2 

Translate each of these statements from symbols into worda 
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Exercise 15 

i. Perform the indicated operations. 


(1) (-3)(-5) 

(31) (3a)(-5o)(-2a) 

(2) (-7)(6) 

(32) (-4a)* 

(3) (4)(-3) 

(33) (-3a:)» 

(4) (-l)(-9) 

(34) (36a*+5o)(-2a) 

(5) (0)(-6) 

(35) ixy)i2x^)i-Zy) 

(6) (4.5)(-3.2) 

(36) (—3n)(4n*) 

(7) a(3a) 

(37) V(a+6)* 

(8) Q(2a:) 

(38) V(-3)* 

(39) VF3)0^ 

(9) 

(40) iVpqV 

(10) (-3)* 

(41) -3(a-26) 

(11) (-4)» 

(42) (-2a*)(-36*) 

(12) (-!)» 

(43) 2xy(Zx—4.y) 

(13) (-2)* 

(44) (3a-4b)-(o-25+c) 

(14) (+2)» 

(45) {2x+7y-l)-ix-y)-Z 

(15) (-2)^ 

(46) 3(r+2n)-2(«-4-3r) 

(16) (-a)^ 

(47) r(n—2)—3{n+r) 

(17) (a)* 

(48) ax—aix+2y)+x{Za—y ) 

(18) (-a)» 

(49) a*—2a(o—6+3c)—a(5—c) 

(19) Vie 

(50) b+2{x-3)-A{y+3) 

(20) V64 

(51) ac+b{a+c)—c{a—b) 

(21) ^64 

(52) (10p+12g-8)-^(-2) 

(22) ^-64 

(53) {x—15xy+18z)-i-2x 

(23) (-i)= 

(54) (6a-12a5+12ac)4-12a 

(24) ±V25 

(55) {Axy+2y-&y^)^{-2y) 

(25) -V81 

(56) (16oa:*-12a*+8aa:)-i-(-12o) 

(26) =tA/36 

(57) (6-18x+242/)h-(-6) 

(27) Va» 

(58) {pqr-2j)qs)-i-{-pq) 

(28) (V^)» 

(59) (-19c+10a-3)-i-(-l) 

11 

T 

(60) (24a*-36a5+18ac)-i-(-3a) 


2 . Find the value of each of the following expressions when the 
letters have the indicated values: 


(1) x^+y^+z^ when — 1, y = — 2, and 2 = —3 
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( 2 ) x!/+a 5 S+^ 2 f when x=— 1 . 6 , 2 /= 2 , 0=8 

(3) db-{‘ac+bc when a = — 1, 6 = —2, c = — 3 

(4) pq+pr-\-ps when p = 2, r= —3, 8= —4, g=6 

(5) when p = 12, ^ = 1, r=3 

(6) 3a2-5-2(z when a = — 6 
a—he 

(7) —^ whena=43, 6=—3, c=4, e=—2, /=5 

, ^ a—he 

(8) ' /f~/I — when a = —. 16, 6=—.60, and c=—.80 

. a—6c 

(9) — — — __ rwhen a= —.96, 6=-|-.60, andc = +.80 

V 1 — 62 — 


( 10 ) 

( 11 ) I 

( 12 ) 


/j^c^ when a = 42, 6 = 25, and c = 0.75 

whena=489, 6=50, c=—24, t=3 
when a = .35, 6 = .60, c = .80 


Vi “62 Vl“C2 


Second Test 

1. Find the results of carrying out the indicated operations. 

(1) (n-4r-6)-3(2r+2-5n-p) 

(2) (c— Sd —2)“|"2(5(/— 

(3) -2(6M,+2Mi-M,) 

(4) (15c2-20cd-18c2d)^(-10c) 

2. Place a check mark in front of each of the following which is 
necessarily a positive number no matter whether the letters 
themselves have positive or negative values. 


(1) X (7) (-x)< (13) V5S* 

(2) x» (8) xy (14) 

(3) x» (9) x+y+z (15) 

(4) (x*)® (10) x^+y^+z^ (16) xyz 

(5) (-X)* (11) x®+j/®+2» (17) ViW 

(6) (—x)* (12) xy+xz+yz (18) -i^x^yz 
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8. In the following expressions, suppose that none of the variables 
has the value zero, although any or all of them may be negative. 
It follows that some of the expressions may be negative in value, 
or may be zero when positive and negative values exactly balance, 
while others can be only positive. Place a check mark in front 
of each expression for which zero is a possible value. 

(1) a+h+c+d (4) 

(2) Vd (5) \/a6c+\/aM4"V5^+Va55 

(3) ab+ac+ad+bc+bd+cd (6) a^+b^+c^+d^ 



IX 

SIMPLE EQUATIONS 


Initial Test 


Solve the equations at the left to obtain the values of the 
expressions at the right. 

1. Sx'=iVc 
o ... _ 2x1X2 

Ti2—- 


3. a-p= 


NcTilTi 

4. (Ji-p=(7i—2r,^(Txay+<Tl 
6. (ri,2= o'lVl—ri2 
6. l-iel23=(l-r?2)(l-r!3.2) 


7. <raz=<rxVl-E%i 


c =- 

SXiX2 =- 

pg =■ 

Txy =■ 
ri2 =- 
Ri. 2 Z =“ 


“• l + (a-l)r 2 

9. 'Ex'y'^'Sxy+Nctfiy 


10 . 


0*2 


Vl—r 


r2 

N 


Practical Importance, In elementary statistical work the 
solution of complicated equations is almost never necessary. 
Such equations as arise in changing the form of a formula 
are usually first degree equations involving fractions. 

Sets of linear equations, sometimes with many varia¬ 
bles, arise continually in more advanced statistical work. 
No one would attempt their solution without a knowl- 
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edge of determinants, and determinants are beyond the 
scope of this book, both because they are seldom used in 
elementary courses in statistical method and because any 
one attacking a problem requiring the use of determinants 
would be likely to know the mathematics presented in this 
book. To discuss here the solution of simultaneous linear 
equations by the methods of addition and substitution pre¬ 
sented in elementary algebra texts would be of little value, 
because when simultaneous equations occur in a statistical 
problem they are likely to have so many variables that 
these elementary methods are cumbersome and impractical. 
The person who needs to solve a system of simultaneous 
equations with more than two variables will do well to study 
the method of determinants. 

Finding the roots of an equation of higher degree is not 
often called for even in advanced statistical work. It is 
often necessary to formulate such an equation, to represent 
one variable by an expression in which higher powers of 
another occur, but these equations are seldom reversible. 
A statistical equation set up to describe y in powers of x 
usually cannot be solved to give a statistical equation for x 
in terms of y. Here is one of the striking differences between 
statistical method and ordinary algebra. Consequently 
the methods for finding roots of equations of higher degree 
will not be included here. 

Fundamental Principles. The solution of simple equations 
depends upon the following set of principles: 

In any equation the equality is not destroyed if — 

1. The same amount is added to each member; 

2. The same amount is subtracted from each member; 

3. Eabh member is multiplied by the same amount; 

4. Each member is divided by the same amount. 

In general it may also be said that the equality is not de- 
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ertroyed if each member is raised to the same power, or if the 
same root is taken of each member. This statement needs 
qualification because of the fact that every number has two 
different square roots, three different cube roots, etc. 

These principles may be appUed in any order as is illus¬ 
trated below: 

Example 1. Solve *• 

If we apply principle 3, and multiply both members at 
once by 6, we will eUminate the fractions and simphfy the 
work. 


9a—2a:-l-6a=18 (Both members multiplied by 6) 

—2a:=18—15a (15a subtracted from both members) 

X—- -(Both members divided by —2) 


Example 2. Solve a—VSh—2c for c. 


a*=36—2c 
a*+2c=36 
2c=36-a* 
36—a* 


c=- 


(Both members squared) 

(2c added to both members) 

(o“ subtracted from both members) 

(Both members divided by 2) 


Example 3. Solve 1—a*= (1 —6*)(1—c*) for 6. 
1—a* 


¥- 


1-c* 

l-a'* 


= 1 - 6 * 


1-c* 


= 1 


(Dividing both sides by {1—c*}) 
(Adding 6* to both sides) 


6 *= 1 - 


1-a* 


(Subtracting 


1-a* 

1-c* 


from both sides) 


6 *= 


a*—c* 
l-c» 




(Taking square root of both sides) 
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Transposition. When a term occurring in one member 
of an equation is made to disappear either by adding it to 
or subtracting it from both members, it reappears in the 
other member with its sign changed. This is illustrated in 
the preceding examples. Taking advantage of this fact, 
we may make as many additions and subtractions as we 
please, all at one time, in an expeditious fashion, combining 
principles 1 and 2 into the single principle: 

Any term may he transposed from one member of an equation 
to the other if its sign be changed. 


Checking the Solution. A solution is correct if, and only 
if, the equation reduces to an identity when this value is 
substituted for the unknown in the original equation. Thus 
in Example 1 above, we have as a check: 


3a 5a - 

•2-y+3+a=3 


--a+3+a=3, which is an obvious identity. 


Answers to the exercises in the following list have been 
given in the key at the back of the book, but the student 
will gain much more if he checks his answers instead of refer¬ 
ring to the key. In some of these exercises, where a numerical 
value of the unknown is required, that value can be found 
only approximately, and the check is therefore not perfect, 
but precise to any desired degree of approximation, depending 
on the number of figures retained in the answer. 


Exercise 16 


1 . 


a_l 

h^c 


ft ^ ® p 

2. Q Jy SSS ““ 5 

2 7 

8. 0.2a;+4-0.5a:=3.5a:~2.08 


c «- 


X = 
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4. a=6\/c—d* 

d = 


N=- 

6. 0.3%=0.24 

V = 

7. o6=a,(6?+cl)+fla(fc’+c^) 

0/2 — ' 

C2 = 

®- ^~by-c+d 

y = 

9 . 4.5=2 

X = 

0.8-X 


10. A=Uh 

h = 

11. 3.6i/~0.03y+5.6 = 2.3i/+3.06 

y = 

12. 0.42r+3.1~0.06r = 1.68 

r = 

t = 

.. n AO 14-3a; 

14. 0.43a = — - — 

X = 


y = 

10 —y 

fp -sr 

2X+0.15 



Second Test 

Solve the equations at the left to obtain the values of 
the expressions at the right. 


1. p = 0.6745(T 

V 

(T 

= ■ 

2. a:i=ri2(;7 1x2 


= . 


(Ti 



2x2 

= - 

4. <rl+b=(rl+2iab(ra<rb+<Tl 

Tab 

= . 

6. Bi.23=fl-^ify 

O'!.23 

= - 

\ / 



6. <r^.„=<rxVl-r% 

1-^ 

= - 
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7. ArX=Ari(ff?+d!)+iVj((r!+4) 

ft r 

^ a—Vila—1) 

9. S(x')='=Sa;*+Nc2 


<Ti 

Ti 

Sa:* 

N 


Vl—n (Sa 



X 

FRACTIONS 
Initial Test 

After taking the test, compare your answers with the 
key. If you have made any errors, study the practice ma¬ 
terial and take the second test. 


1. Place a plus sign before each statement which you believe to 
correct and a zero before each statement which you believe 
be incorrect. 


(1) ^+C=-p 

, . a_tm 
6 m6 

fo\ a_a+m 
b b+m 

(4) y=12 

0.56 6 

® i:&=3-c 
( 6 ) 2 ^=a+a: 

.-V 0.0055 _ 5 
^ ^ 0.0077 "■ 7 

(5) 4 7 

(9) j+l=^ 

X X 

( 10 ) ^=0 

(11) 

c c 

(12) 1^1=1 


(13) 

^ 0.06 3 

(14) A=o.6 

(15) 

c a a-hc 

(16) 5-E=£!zl! 

y X xy 

(17) 5x5=0 

(18) a(«-6)-a« ^_^ 

(19) f=25 

hr! 

/ 90 X n»-4n n-4 
(2^) 3n 3 
J:^+2x+4 2x 
x^+a+i a 

(24) l-i-O 
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hx 

2. a=— Solve this for x. 
c 

YIT\ 

4 . Findnifa=f, i) = lf, c=f, a:p=5. 

5 . Underscore each response that is correct: 

1—r* 

In the formula S — —=r- 

VN 

(1) If N increases and r is constant, S tends to increase, de¬ 
crease, remain constant. 

(2) If r increases in absolute value and N is constant, S 
tends to increase, decrease, remain constant. 

(3) If r=0, and N is larger than 1, S will be 0, 1, a fraction 
smaller than one, a number larger than one, a positive 
number, a negative number, sometimes positive and 
sometimes negative. 

(4) If r = l, and N is larger than 1, S will be 0, 1, a fraction 
smaller than one, a number larger than one, a positive 
number, a negative number, sometimes positive and 
sometimes negative. 

(5) If r is a fraction smaller than 1 and N is larger than 1, S 
will be 0, 1, a fraction smaller than one, a number 
larger than one, a positive number, a negative number, 
sometimes positive and sometimes negative. 

(6) If r is a number larger than 1 and AT is a number larger 
than 1, S will be 0, 1, a fraction smaller than one, a 
number larger than one, a positive number, a negative 
number, sometimes positive and sometimes negative. 

Practical Importance. Statistical computation continually 
involves complex fractions and fractional expressions ap¬ 
pearing under a square root sign. Statistical formulas are 
unnecessarily alarming to the person not conversant with 
the laws of fractions. The student who cannot manipulate 
algebraic fractions wonders why the textbooks seem to give 
a large number of different formulas for such a measure as 
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the coefficient of correlation. He is obliged to impress upon 
his memory many formulas which seem to him diverse and 
independent and which he frequently confuses. The student 
who is at home in the algebraic manipulation of fractions 
recognizes that these are but variants of a single formula. 
He memorizes this basic formula and passes easily to its 
modifications when need arises. 

Change in Form of a Fraction. The fundamental prin¬ 
ciple in all work with fractions is: Multiplying or dividing 
the numerator and the denominator of a fraction by the same 
number does not change the value of the fraction. In symbolic 
form this rule might be stated as 


(i__na 

Stud f ■” 7 / 

b bjn 


or 


or 


alb = nalnb 
a/6 = (a/n) / (6/n) 


This principle is employed to reduce fractions to simpler 
forms. 


Both terms were divided by 75. 


Both terms were multiplied by 400. 


825 “11 
0.0525 21 
0.0925 “37 

?Z 

18_ 

--f-Vi 

12 V9/\2 




3(25) (13) -921 


■33-2(5)(l) 


23 


Both numera¬ 
tor and denomi¬ 
nator were mul¬ 
tiplied by 36. 


a 

N 


■JV2 


Na—bc 


This is the gen- 

__eral form of 

C’ y/Ne-'b^ y/Nd—c^ the formula for 

the coefficient 
of correlation. The numerator was multiplied by N^. Each 
factor in the denominator was multiplied by iV, which mul- 


VH-Vn-i 
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tiplied the entire denominator by N\ and thus kept the 
value of the fraction unchanged. To see how each factor in 
the denominator was multiplied by N, study the following: 

W/j/_ 

Similarly the second factor of the denominator becomes 
y/Nd—c^. For further help on the multiplication of radicals, 
see Chapter XII. 

Cautions. There are several pitfalls into which the un¬ 
wary may fall: 

1 . In general, to add the same number to the numerator 
and denominator of a fraction, changes the value of the 
fraction. 


3. ^ ,,34-5 8 

- IS not equal to TT~r' or :: 

4 ^ 4-1-5 9 

a , a+n a—n 

- is not equal to ——> or to ;- 

0 b+n b—n 

unless a—b or n= 0 . 

Even though one knows this general principle, there is 
often a temptation hastily to strike out part of the numerator 
and denominator of a fraction by careless cancellation, as 

¥+2b+$ 

This is of course entirely wrong, and results from haste or 
from working mechanically without an understanding of the 
process. 

2. In general, squaring a fraction or taking its square root 
changes its value. 
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- is not equal to 

O 

a 

7 is not equal to 
0 


0 ) , which is ^ 


3. There is a common temptation to forget that the bar 
of a fraction acts as a parenthesis. When several fractions 
having a common denominator are to be added, if a minus 
sign stands in front of any one of them, the signs of all the 
terms in the numerator of that fraction must be changed 
before the numerators can be added. Carelessness here is a 
fruitful source of error in dealing with fractions. Thus 

X—1 2a x—l 2 a—(x—1) 2a—x+1 2a—x—1 

a ^ ^ > - 


Equality of Two Fractions. A second principle of funda¬ 
mental importance in dealing with fractions is: If two frac¬ 
tions are eqxmlj and their denominators are equals then their 
numerators must he equalj and vice versa. This principle is 
useful in solving fractional equations. 


7 7 

Thus if -= 77 , it must be that x= 15. 

X 15 

7 14 14 14 

and therefore 10(x—1)=3. 

If —-—=-) then —^—=-» 8.nd therefore 3x+2=8. 

3x“f"2 4 3x~f"2 8 


Product of Fractions. The product of two fractions is a 
new fraction whose numerator is the product of their nu¬ 
merators and whose denominator is the product of their de¬ 
nominators. Thus 


\9/ \8/ 9X8 72 6 
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Often the process of multiplication may be shortened by 
dividing out factors which are common to any numerator 
and any denominator before the multiplication rather than 
after it. In the example just given we might have saved 
time by dividing the first numerator and the second de¬ 
nominator each by 4, and dividing the second numerator 
and the first denominator each by 3. 

Division by a Fraction. To find the quotient of a number 
by a fraction, we invert the fraction and proceed as in mul¬ 
tiplication. This rule is only a special aspect of our first 


CL C 

principle. If we multiply both terms ^ by ^ the nu¬ 
merator becomes and the denominator becomes 1. 


and the denominator becomes 1. 


Therefore 




Addition or Subtraction of Fractions. To add two frac¬ 
tions we first change them to equivalent fractions having a 
common denominator, then their sum is a fraction whose 
numerator is the sum of the numerators of the equivalent 
fractions and whose denominator is the common denomi¬ 
nator. 


^ , 7 .3 14 75 89 

For example, —+;:=r:;+— = r:: 

^ ' 25 2 50 50 50 

x+y 1 2x+2y c 2x+2y--c 

c 2 2c 2c 2c 


Notice that subtraction is only a special case of addition. 

Zero in a Denominator. The use of fractions with zero 
as denominator is not permissible. Division by zero occurs 
in a problem in elementary statistics only when a blunder 
has been made. A student who did not understand what are 
significant digits might round off the numbers in such a 
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, . 0.061 0.06 . . 

fraction as to » thus incorrectly seeming to pro- 
U.uu^ U.uu 

duce a division by zero. 

5 

To say that - = x is equivalent to saying 0x=^5, or ‘'What 

number can be multiplied by zero to produce 5? Since the 
product of zero and any finite number is 0, there is no finite 

5 

number x which equal to -• 

Exercise 17 

1. (a) f+f = ? (c) f+f=? (e) f+f = ? 

(b) f+i=? (d) |+f = ? (/) t+f = ? 

2. Write a formula to state in symbolic language a rule for adding 
any two fractions. 

3. (a) (f)(i) = ? (c) (t)(f) = ? (e) (f)(f) = ? 

ib) (l)(i) = ? (d) (f)(f) = ? (/) (|)(f) = ? 

4. Write a formula to state in symbolic language a rule for mul¬ 
tiplying any two fractions. 

6. (a) = ? (c) (e) f-i-T = ? 

(b) (d) (/) = ? 

6. Write a formula to state in symbolic language a rule for dividing 
one fraction by another. 

7. (1) If both terms of the fraction f are multiplied by 5, the result 

ig-and this value is (just as large, 5 times as 

large, i as large) as the original fraction. 

(2) If the numerator of the fraction f is multiplied by 5, the 

result is-and this value is (just as large, 5 times 

as large, i as large) as the original fraction. 

(3) If the denominator of the fraction f is multiplied by 5, 

the result is-and this value is (just as large, 

5 times as large, i as large) as the original fraction. 



86 


FRACTIONS 


(4) If the fraction f is multiplied by 5, the result is ■ 


and this value is (just as large, 5 times as large, i as large) 
as the original fraction. 

(5) If both terms of the fraction ~ are multiplied by c, the re- 

b 


suit is ■ 


and this value is (just as large, c times 


1 


as large, - times as large) as the original fraction, 
c 

a . 


(6) If the fraction - is multiplied by c, the result is- 

0 

and this value is (just as large, c times as large, - times as 

c 


large) as the original fraction. 


a. 


■ and this 


(7) If the fraction - is squared, the result is- 

b 

value is (just as large, - times as large, ~ times as large) as 
b a 

the original fraction. 


3 . If solve for b, 

d 

Suggestions: First multiply both sides of the equation by d. 
Then divide both sides by a. Then subtract c 
from both sides. 


9. If a==- j solve for c. 

l+(6~l)c 

Suggestions: First multiply both sides of the equation by the 
denominator of the fraction. Get all the terms 
containing c into one side of the equation and 
all other terms into the other side. Express the 
terms containing c as the product of c and some 
expression of several terms. Divide both sides of 
the equation by some expression which will leave 
« alone on that side of the equation. 
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10 . If rx=:;—;-find r* when 

l+(n-l)ri 

(1) n = 2 and ri = .70 

(2) 71=3 and ri = .67 

(3) 71=4 and ri = .85 

(4) 71=3 and ri = .92 


11 . If Tx- -, find Ti when 

l+(7i~l)n 

(1) 71 = 2 and rx = .86 

(2) 71=4 and rx = .97 

(3) 71 = 3 and rx = .91 


(1) Find p if a=^, 5=f, c=^, and d=f. 

(2) If a is multiplied by 3, but 5, c, and d are not changed, 
what would be the value of p? 

(3) If d is multiplied by 3, but a, 6, and c are not changed, 
what would be the value of p? 

(4) If b is multiplied by 3, but a, 6, and d are not changed, 
what would be the value of p? 

(5) If c is multiplied by 5, but a, 6, and d are not changed, 
what would be the value of p? If c is multiplied by 2? 
By 4? 

(6) What is the general effect on p of an increase in a? An in¬ 
crease in b? An increase in c? An increase in d? 


Second Test 


1 . Place a plus sign before each statement which you believe to 
correct and a zero before each statement which you beUeve to 
incorrect. 


( 1 ) 


I ^ 

n n 


( 2 ) 2 £=£ 

pr r 


m 

(4) 


£± 2 =£ 
p+r r 
c 

-=c 

1 


S'S' 
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(5) 


0.07a _ a 
0.21a; Sx 


... cn+a , 

(6) -=n+a 

^ 3 300 

( 8 ) —=6 
0.3r 

(9) 5:2221=0.3 
0.009 

(10) ^=0 

(11) a-^^=2^ 

(12) 1-^-^=- 

d c 

7 1 

«'> r 2 "i 2 -^ 

(14) —=7.5 

0.2 


2. Mt = 


N.Mi+ATjM, 


(15) 

X y xy 

(16) 

0 a ab 

(17) 5x2xi=0 
2 6 3 

(18) ---=0 
X a 

(19) £(£z£b£!=_a. 


(20) 2=n 

( 21 ) 

X y y 

( 22 ) -=— 

m m* 

(23) H+i.„+, 


(24) 


X 

P+3 

pq+3 


Nr 


Solve for Mi, 


8 . n- - Solve for r 2 . 

n—(n—l)r 2 

hc—d 1 t 3 , 1 3 

4 . x= - Find b if c=~i a=— y x =— 

6 -d 7 12 11 

6 . Underscore each response that is correct. 

In the formula r =—^L= in which N is positive, 
Ve-bWf-c^ 

(1) If a increases and all other values in the right hand member 
do not change, r will increase, decrease, remain unaffected. 

(2) If / increases and all other values in the right hand member 
do not change, r will increase, decrease, remain unaffected. 
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(3) If 6 is a negative number and all the other numbers are 
positive, and if h* is less than e and less than /, r will be 
positive, negative, uncertain as to sign. 

6 . In the formula R = 

(1) If s=a and a is not zero, R will be 0, 1, a fraction smaller 
than one, a number larger than one, a number which may 
be either larger or smaller than one, the square root of a 
negative number. 

(2) If s is smaller than a in absolute value, R will be 0, 1, a 
fraction smaller than one, a number larger than one, a 
number which may be either larger oi smaller than one, the 
square root of a negative number. 

(3) If s is zero and a is not zero, R will be 0, 1, a fraction smaller 
than one, a number larger than one, a number which may 
be either larger or smaller than one, the square root of a 
negative number. 




XI 

GRAPHS 
Initial Test 

1 . Below is a list of equations and a list of phrases. Select all the 
equations which are correctly described by the first phrase. 
Write the numbers of all such equations on the line at the right 
of this phrase. Do the same for each of the other phrases in the 
list. 

a. An equation whose graph would pass through the 

origin. - 

b. An equation whose graph is not a straight line. - 

c. An equation whose graph is a straight line parallel 

to the graph of ?/ = 3a;+4. - 

d. An equation whose graph is a straight line passing 
through the origin and lying in the second and 

fourth quadrants. . - 

e. An equation whose graph cuts the y-axis 3 units 

above the origin. - 

f. An equation whose graph is a straight line parallel 

to the a;-axis. - 

g. An equation whose graph is a straight line passing 
through the origin and lying nearer to the x-axis 

than to the y-axis. - 

(1) x=—4^/ (5) xy=4i (8) y-2x^+Zx 

(2) y=x^—2x+Z (6) Zy=x (9) x’^+y^-2b 

(3) 2 /= 3 x -2 (7) t/=3x (10) x+y^Z 

(4) y^Z 

2 . Make a graph of the straight line which passes through the 
points (1, 4) and (3, 7) and find its equation. 

Z. Write the equation of the straight line which; 

90 
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(1) Crosses the 2 />axis 2 points above the origin and has a slope 
of +5. 

(2) Crosses the ^/-axis at the origin and has a slope of — 

4 . On the same set of axes, make graphs of the two equations 

f 2x—3?/ = 51 

3a;—— 7 J coordinates of the point at which they 

intersect. 

Importance. Knowledge of how to make and how to 
read simple mathematical graphs greatly facilitates the 
construction and interpretation of statistical graphs. The 
inverse operation of finding the equation for a line already 
drawn is essential to the analysis of many statistical prob¬ 
lems, and particularly important for a clear understanding 
of correlation and regression. For these purposes there is 
needed a somewhat more dynamic appreciation of functional 
relationships than is usually acquired by the student who 
has learned only to plot isolated points and to connect these 
by a line. 

Graphic Representation of Single Numbers. A single 
number can be represented by a point on a linear scale, 
such as the scale of which Figure 1 shows a small portion. 
Here the point A represents approximately the number 2.3, 
B the number —.4, C the number —4.7, and D the num¬ 
ber 5.5. 

C BAD 

_ 1 M I I _1_L—LJ_I_U_I_1_LJ.-.J. 

-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 

Fig. 1 

Exercise 18 

1. On the number scale shown in Figure 1, locate the points 2, Sj, 
2i -3, -li, I -f, -5i. 

2 . Locate the point midway between 1 and 4. What number cor¬ 
responds to it? What number corresponds to a point midway 
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between —3 and —1? Midway between —3 and +2? Midway 
between —i and +5? 

8. What number corresponds to a point 2 units to the left of the 
point —1? Three units to the right of —2? Four units to the 
right of 2? Three units to the left of 4? One unit to the left of 
-3? 


4 . What number corresponds to a point a units to the right of the 
point 2? h units to the left of —3? c units to the right of — 1? 
d units to the left of 4? 


5 . Make a rough sketch of a thermometer, indicating degrees above 
zero by plus signs and degrees below zero by minus signs. What 
is the value of the point midway between +15° and +43°? 
Midway between —6° and +8°? Five degrees above —7°? 
Six degrees below +2°? Twenty degrees above — 9°? 





Graphic Representation of Pairs of 
Numbers. Suppose that Figure 2 
represents a portion of a map on which 
X'X is a road extending east and F'F 
is a road extending north through 0. 
A scale of miles is marked off along 
each road. 

Exercise 19 


1 . Verify the following statements by a study of the map. 

The point A is 3 miles east and 2 miles north of 0, It may be 
designated as (3, 2). 

The point J5 is 1 mile east and 4 miles north of 0. It may be 
designated as (1, 4). 

The point C is 2 miles west and 5 miles north of 0. It may be 
designated as (—2, 5). 

The point D is 2 miles west and 0 miles north of 0. It may be 
designated as (—2, 0). 

The point is 3 miles west and 2 miles south of 0. It may be 
designated as (—3, —2). 



EXERCISE 19 


93 


The point F is 0 miles west and 4 miles south of 0. It may be 
designated as (0, —4). 

The point G' is 2 miles east and 2 miles south of 0. It may be 
designated as (2, —2). 

2 . Notice that in problem 1 each point was described by two num¬ 
bers enclosed in a parenthesis. The first of these numbers repre¬ 
sents the distance east or west from 0, distances east being posi¬ 
tive and distances west negative. The second number represents 
the distance north or south from 0, distances north being posi¬ 
tive and distances south negative. Complete the following 
sentences by writing the words north, south, east, and west in the 
blank spaces. 

(1) The point (4, 2) would be 4 miles-and 2 miles- 

of 0. 

(2) The point (—3, —5) would be 3 miles-and 5 miles 

-of 0. 

(3) The point (7, — 1) would be 7 miles-and 1 mile- 

of 0. 

(4) The point (—6,2) would be 6 miles-and 2 miles- 

of 0. 

In a mathematical graph, the point 0 is known as the 
origin. The lines XX' and FF' are respectively the x-axis 
and the i/-axis, and together are called 
the coordinate axes. These lines divide 
the plane into four parts known as 
quadrants^ which are designated by 
numbers as shown in Figure 3. The dis¬ 
tance to a point from the x-axis is 
called the ordinate of the point. The 
distance to the point from the 2 /-axis 
is called its abscissa. The ordinate and 
abscissa together are called the coordinates of the point. Ab¬ 
scissas are customarily denoted by the letter x and ordinates 
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by the letter 2 /, as in Figure 3. When a point is designated 
by a pair of numbers, as in the two preceding examples, the 
aj-coordinate or abscissa is given first. 

3 . Write one word on each blank line to complete the sentence. 

(1) The ordinate of any point is the length of a line extending 

to that point from the-axis and parallel to the- 

axis. 

(2) The rr-value of a point is measured along a line parallel to 

-axis and perpendicular to the-axis. 

(3) The 2 /-value of a point is measured along a line parallel to 

the-axis and perpendicular to the-axis. 

(4) In quadrant I, all abscissas are-and all ordinates 


(5) In quadrant II, all abscissas are-and all ordinates 


(6) In quadrant III, all abscissas are-and all ordinates 


(7) In quadrant IV, all abscissas are-and all ordinates 


(8) If both coordinates of a point are negative, it must lie in 

quadrant-. 

(9) If the two coordinates of a point have the same sign, it 

must lie in either quadrant-or quadrant-. 

(10) If a point lies on the x-axis, its-is zero while its- 

may have any value. 

(11) If a point lies on the i/-axis, its-is zero while its- 

may have any value. 

(12) If a point lies nearer to the x-axis than to the 2 /-axis, its 

-is larger than its-. 

(13) If a point lies nearer to the vertical axis than to the hori¬ 
zontal, its-is larger than its-. 

4 . On a sheet of coordinate paper draw coordinate axes and plot 
each of the following points, marking its position with a small 
dot and writing the name of the point, as (3, 5) beside the dot; 

(3,5) (1,-3) (6,0) (-2,2) 
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Verify your plotting by noting that these four points are the four 
corners of a square. If the points you have marked do not indi¬ 
cate a square, one or more of them must be in error. 

6 . On coordinate axes plot the following points: 

(0,3) (0,-1) (1,0) (-8,-6) (-2,-3) 

(-4,1) (-14,-9) (8,7) (-5,0) (4,3) 

(-7, -2) (-11, -6) (-10, -7) (-4, -4) 

To provide an easy check on the accuracy of your plotting, these 
points have been chosen so that they lie on a quadrilateral whose 
vertices are at (—4, 1), (8, 7), (—2, —3), and ( — 14, —9). 

Giaph of an Equation. Consider that Figure 2 represents 
a portion of a map cut by two crossroads intersecting at right 
angles. Mark the path over which you would travel if you 
should move in such a way as to be always two miles west of 
OY. Translating into algebraic language the condition that 
your position is always 2 miles west of OF, we have — 2. 
The path you would follow is a line parallel to and two 
units to the left of OF. Drawing this line and writing x=—2 
are two different ways of expressing the same relationship. 
Therefore we call the line you have drawn the graph of the 
equation. The graph and the equation state the same facts, 
but state them in different ways. 

Exercise 20 

1. Mark the path along which you would travel if you should 
start at 0 and walk in such a way that at any moment you are 
just as far from OX as from OF. 

(1) Mark the path you follow if you walk only in quadrants I 
and III. 

(2) Mark the path you follow if you walk only in quadrants II 
and IV. 

2 . Write an equation to describe the conditions in Question 1 . 
In each case we wish to say in algebraic language that x and y 
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are numerically equal. In quadrants I and III, x and y have 
the same signs, so the equation is x=y or x—y—O. Reference 
to the path marked in Question 1 shows that the graph passes 
through 0 and extends due northeast and southwest, that is, 
bisecting the angle between OX and OF. Write the equation 
directly on its graph. 

In quadrants II and IV, x and y have opposite signs, so the 
equation is x = — y or x-\-y=0. Reference to the drawing shows 
that the graph passes through 0 and extends due northwest and 
southeast. Write the equation directly on the graph. 

3. Imagine that you start from 0 and walk in either quadrant I 
or quadrant III in such a way that at any moment you are just 
twice as far from OX as from OF. Mark the path along which 
you would travel. Write an equation to describe your path. 

4 . Imagine that you start from 0 and walk in either quadrant II 
or quadrant IV in such a way that at any moment you are 
three times as far from OF as from OX, Mark the path along 
which you would travel. Write an equation to describe your 
path. 

6. Imagine that you are walking across country in such a way that 
the sum of your distance from OF and your distance from OX 
is always 5 miles. At what point would you cross OF? At 
what point would you cross OX? Mark the path along which 
you would travel. State the equation which expresses the con¬ 
dition of this problem. How many pairs of numbers are there 
which satisfy this equation? May the line you have drawn be 
extended indefinitely far in both directions? 

6. Plot the points whose coordinates have the following pairs of 
values: 


X 

-4 

-2 

0 

2 

4 

6 




y 

-2 

-1 

0 

1 

2 

3 





What position do these points take with respect to each other? 
Study the pairs of numbers to discern a relation between x and 
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y which holds for all the pairs. State this relation in an equa¬ 
tion. 

Write three more pairs of coordinates for which this relation 
would be true. 

Plot these three additional points. 


7. Plot the points whose coordinates have the following values: 


X 

4 

1 

~1 

10 

-5 

5 




y 

3 

6 

8 

-3 

12 

2 





What position do these points take with respect to each other? 
Study the pairs of numbers to discover a relation between x 
and y which holds for all the pairs. State this relation in an 
equation. 

Write three more pairs of coordinates which satisfy this equa¬ 
tion. 

Plot these three additional points. 

8. Fill in the blank squares below so as to have five pairs of co¬ 
ordinates for which the relation y—x+2 shall be true. 


X 

-2 

-1 

0 

1 

2 

3 

y 








Plot the points and see what position they take with respect to 
each other. 

9. Fill in the blank squares below so as to have six pairs of co¬ 
ordinates for which the relation 7/=2x+3 shall be true. 


X 

1 


0 


-2 


y 


1 


0 


4 


With a ruler draw a line through any two of the six points. 
Does the line pass through the other four points? 

How many points are necessary to determine a graph when it is 
a straight line? 
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Note the advantage of plotting three points so that the third may 
serve as a check on the accuracy of the other two. 

In this problem did it seem easier to find values of y correspond¬ 
ing to a given value of a; or to find values of x corresponding to 
a given value of t/? Why? Can you use this observation as a 
principle of economy for saving time in later work? 

10. Fill in the blank squares below so as to have nine pairs of co¬ 
ordinates for which the relation y—x'^ shall be true. 


X 

-3 

-2 

-1 


0 

1 

3 



y 

9 

4 









Do these points lie on a straight line? 

In what respect does this equation differ from the equations 
you have previously studied whose graphs were straight lines? 
Draw a smooth curve through these points. 

11 . Fill in the blank spaces below so as to have eight pairs of co¬ 
ordinates for which the relation t/ = 2x2—3x+5 shall be true. 


X 

-1 

0 

1 

i 

1 

2 

3 


V 










Plot the points and draw a smooth curve through them. 

(This curve and the one drawn in 10 are called parabolas.) 

12. Make a graph of 2!/—5x=4. 

Make a graph of y—ix+2. 

While the two equations are equivalent and have exactly the 
same graph, the second is easier to deal with. This is known as 
the ‘^standard form’" of an equation. Before graphing an equa¬ 
tion it is usually economical to reduce it to standard form by 
rearranging terms so that the y terms are in the left hand 
member and all others in the right, then dividing both members 
by the coefficient of y. Values are then assigned to x and the 
corresponding values found for y to secure number pairs foi 
plotting. 
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Rewrite the following equations in standard form. 


( 1 ) 

(2) 4!/~3a:=a;^+8 

(3) 2x-52/ = 10 

(4) a:+5i/ = 50 

(5) 7i/+2a:~20 = 0 

(6) 22/-3a: = 6 


(7) a;-2/ = 5 

(8) 22/=x2+4a;~12 

(9) 3x = 22/+10 

(10) 4 = 3a;-52/ 

(11) ay — hx+c 

(12) cy+dx=k 


13. Make a graph of each of the following equations, using the 
method of Questions 6 to 11 to find the numerical values of the 
coordinates of selected points. These equations are arranged 
in groups to enable you to study the relation of the lines in 
each group and thus to discover for yourself certain general 
principles. Plot the equations in the first group all on one pair 
of axes and study the result to see what generalizations you 
can make concerning the form of the equation and the position 
of its graph. Then plot the equations of the second group on a 
second pair of axes, and so on. When all are drawn, study the 
charts thus made to find the answers to the questions in the 
next paragraph. 


(1) 2/ = 2x 

y = 2x+2 
y — 2x+b 
y = 2xS 
y = 2x—Q 

(2) x+y=0 
x-y=0 
x+y = 5 
x-y = 5 


(3) y^x^ 
y—x'^+6 
4 


(4) y—x'^+2x 
y—x^+2x+10 
y^x^+2x-S 


(5) 2x+Sy—0 
2x+3y — Q 
2a;+32/ = 10 
2x+Sy= —5 

( 6 ) y = 3x 
x = 3y 
2 /= -3a; 
x= -3y 


14. Study the charts drawn for Question 13 to find the answers to 
these questions: 

(1) If a graph passes through the origin, how does its equation 
differ from the equation of a graph which does not pass 
through the origin? 

(2) What is the difference between the equation of a straight 
line graph and that of a graph which is not a straight 
line? 



100 


GRAPHS 


(3) What are the distinguishing characteristics of the equations 
of a set of parallel lines such as those in groups 1 and 5 ? 

(4) When a linear equation is written in standard form, what 
indicates its slope? (Note that a set of parallel lines all 
have the same slope.) 

( 6 ) When an equation is written in standard form, what indi¬ 
cates the point at which it crosses the iZ-axis? 

( 6 ) Suppose that y = mx+h is a general formula for a linear 
equation in standard form. What does m show concerning 
the graph? What does h show? 

(7) What is the difference between the equations of straight 
line graphs which have a general northeast-southwest di¬ 
rection and the equations of straight line graphs which 
have a general southeast-northwest direction? Study the 
graphs in groups 2 and 6 . Put the equations all into 
standard form before you make comparisons. 


16 . Plot the line 4?/—3a; = 6 , as in Figure 4. Choose any two points 
on this line, as P 4 and Ps and find their 
coordinates. From P 4 draw a line par¬ 
allel to OX and from Ps a line parallel 
to OF, and let these lines meet at a 
point which we will call A, (Two let¬ 
ters used to describe a line segment, 
as OXy APs, PiAy etc., indicate the 
ends of that segment and do not imply 
multiplication of two numbers as in 
the ordinary algebraic symbolism.) 
Then the sh'pe of the line is 

AP6^ (y6-y4) ^3 
P 4 A (X 5 —X 4 ) 4 

As a check select any other two points on the same line, for 
example Pi = (—4, — 1 ^) and P 2 = (—2, 0) and proceed in the 
same way. 
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Note that the slope is very easily obtained from the coordinates 
of the points where the line cuts the two axes. 

3 

PjO 2 4* 

Rewrite the equation in standard form, obtaining 2 /=fx+li. 
Notice that when the equation is in this form, the coefficient 
of X gives the slope of the line and the constant term gives the 
ordinate of the point at which the line cuts the y-axis. The 
slope shows the increase in y which accompanies a unit increase 
in X, In this case, for every unit increase in x, there is f of a 
unit increase in y, 

16. Rewrite the equation 5y+2ar=20 in standard form. At what 
point will the graph of this equation cut the vertical axis? On 
coordinate paper lay off two perpendicular axes and mark the 
point (0, 4). 

How many units will y change for every unit of change in x? 
If X increases will y increase or decrease? What is the slope of 
this line? 

Obviously the line crosses the vertical axis 4 units above the 
origin. Since its slope is — f, there must be f of a unit decrease 
in y for every unit increase in x. After marking the point 
(0, 4) we may locate another point 1 unit to the right of this 
and % unit below it, and may draw a line through these two 
points. However, since greater accuracy can be achieved by the 
use of points farther apart, we may take our second point 
10 units to the right of (0, 4) and f X10 = 4 units below it, or 
we may use a point 5 units to the left and f X5 = 2 units above it, 
or any other point found in the same way. 

17. In similar fashion, draw the graphs of 

(1) 2x+3z/=15 

(2) iy-5x= 6 

(3) 7t/+3x= 0 

(4) 4y-5x= 0 

Equation of a Line. Suppose that we wish to find the 
equation which will describe the line in Figure 5. Because 
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the line is straight, this equation will be of the general form 
y=mx+k. Here x and y are variablesy pairs of numbers 
either one of which may take on any value, while m and k 
are particular numbers, still un¬ 
known, whose values depend upon 
the law which connects x and y. 
That law is implicit in the graph, 
but when we discover the numerical 
values of m and k, we can also ex¬ 
press the relation in the form of an 
equation. 

By examining the graph we see 
that it crosses the vertical axis at the point (0, 4), and we 
know that k must be 4. 

We will select any two convenient points whose coordinates 
seem easy to read, and will find the slope of the line as in 
16 on page 100. Thus we see that 7n=f* 

The equation of the line is therefore 2/=1^+4, or 
32 / = 2a:+12. 

As a check we will find one or two other pairs of numbers 
which satisfy this equation, such as ( — 6, 0), (3, 6), (—3, 2), 
or (-9,-2) and will verify the fact that the points which 
have these number pairs for coordinates lie on the original 
hne. 

An alternate method of solution is to select any two points 
on the given line, such for example as (3,6) and (—9,—2) 
and substitute their coordinates in the equation y=mx+k. 

This would give us 6= Zm+k 

and —2=—9m+fc. 

If we subtract the second of these equations from the first, 
k will disappear, and we will have 8 = 12m, from which we 
see that m=f • Substituting f for m in either of the equations, 
gives us A; = 4, as before. 
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Exercise 21 


1 . Find the equation for a line passing through the points (3, 4) 
and (5, 7). 



list. 

a. An equation whose graph would pass through the 
origin. 

b. An equation whose graph is not a straight line. 

c. An equation whose graph is a straight line parallel to 
the graph of = 

d. An equation whose graph is a straight line passing 
through the origin and lying wholly in the second and 
fourth quadrants. 

e. An equation whose graph cuts the y-a,xis 2 units be¬ 
low the origin. 

f. An equation whose graph is a straight line parallel to 
the y-axis. 

g. An equation whose graph is a straight line passing 
through the origin and lying nearer to the 2 /-axis than 
to the a;-axis. 


(1) ?/=2a;2+3a;-5 

(2) !/ = 5a:-2 

(3) x^7 

(4) y—x^—2x 

(5) x=iy 

(6) a5+4v=0 


(7) 'y=7x*-2 

(8) X2/=24 

(9) x+4y=—2 

(10) x+y=0 

(11) 8y=5—2x 
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2 . Make a graph of the straight line which passes through the 
points (1, —1) and (4,1) and find its equation. 

8. Write the equation of the line which 

(1) Crosses the 2 /-axis 3 points below the origin and has a slope 
of +4. 

(2) Crosses the ^/-axis at the origin and has a slope of — y. 

4 . On the same set of axes, make graphs of the equations 
f 5x+4v = 291 

1 4a;+3^--23| coordinates of the point at which 

they intersect. 



XII 

RADICALS 
Initial Test 


1 . Multiply by 3. 

2. Multiply 4/ A by Vn. 

f n 

3. Multiply 

4. Divide ^ c* by c. 


6. Substitute o', = 


(T\ 


\/2(A^i-l) 

crx~y = (<r2+(r2)i. 


and <Ty = 


<y% 


\/2(iV2-l) 


in the formula 


6. Multiply both terms of the fraction 


X 


7. 

single integer. 


vFS'i/j-? 


by x\ 


to a form in which the radicand is a 


Importance, Most of the important statistical formulas 
encountered in an elementary course contain radicals. The 
student who cannot manipulate radicals easily is unable 
to take advantage of short cuts in computation and is usually 
bewildered by what seems to be a multiplicity of formulas 
for the same thing. 

Terminology, The expression under a radical sign is called 
the radicand. The number 3 in ^a is called the index of the 
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root. In general ^lyh, is a root of the nth order. Two radicals 
are of the same order when they have the same index as 
and Elementary work in statistics calls for con¬ 
tinual use of square roots, but does not often make use of 
roots of higher order. It is customary to omit the index in 
writing square root, and conversely, when the index is not 
shown it is understood to be 2. Such numbers as 3, 17i, 
and 3.29 are called rational numbers. The 3 is an integer 
and each of the others is the ratio of two integers, for 17^^ 
is ^*or the ratio of 35 to 2, and 3.29 is or the ratio of 
329 to 100. Such numbers as VTf, -^4, -^8 are irrational 
numbers because they cannot be expressed as the ratios of 
integers. However, \/l6 is a rational number because it is 
equal to 4, and \/| is a rational number because it is equal 
to t. 

It is awkward to write and especially awkward to print 
a radical when the radicand is a long complicated expression. 
For compactness and ease of writing, therefore, it is cus¬ 
tomary to indicate the square root of an algebraic expression 
by inclosing that expression in parentheses and using ^ as 
an exponent. Thus Va—b may be written as (a—b)^, and 
whatever is said in the following paragraphs applies to one 
manner of writing the square root as well as to the other. 

Multiplication and Division of Two Radicals. To multi¬ 
ply two radicals of the same order, multiply their radicands. 
To divide one radical by another radical of the same order, 
divide the radicand of the first by the radicand of the second. 
The first group of examples below should make these rules 
seem reasonable, the second group should illustrate their 
utility. 

Examples A. (1) V25 =\/900= 30 

Also VSe V25 = (6) (5)=30 

* It should be noted that we are considering onlv positive radicands. 
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Examples B. 


( 2 ) 

(3) 

(4) 

(5) 

( 6 ) 
(7) 


V400-5-\/l6=\/25 = 5 
Also ^/400-^ v'l6=20-r-4= 5 
•v/J V36 =-\/9 = 3 

Also Vi \/36 =i(6) = 3 

V8 V2 =\/16 = 4 

Vl2-h V3 =Vi = 2 



(a-6c)i^6l 



Multiplication and Division of a Radical by Any Number. 
To multiply a radical of the second order by any number, 
multiply the radicand by the square of the number. To divide 
a radical of the second order by any number, divide the radi¬ 
cand by the square of the number. Thus to multiply \/l5 
by 2 we have 

2 = V4 and 2VTB=Vi \/T5 = \/60. 

To divide -v/243 by 3, we have 

3=V9 and \/243-i-\/9 = \/27. 

Taking Out a Rational Factor. Computation with radicals 
is often greatly facilitated by factoring the radicand into 
two factors one of which is rational. The root of this rational 
factor may then be extracted and the result multiplied by the 
indicated root of the irrational factor. 


Examples. (1) v'640=\/64 a/10=8v10 

This device provides a short cut for extracting certain roots. 
It is easy to memorize the fact that \/2 = 1.414; \/3 = 1.732, 
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and \/5 = 2.236. A quick method for finding such values as 
Vs or \/75 is as follows: 

=2V2=2(1.414) = 2.828 
V75=5 VS=5(1.732) = 8.660 


Rationalizing a Denominator. It is obviously easier to 
find the approximate value of an irrational number which 
calls for multiplication by a radical, as 7\/6 or f\/106, than 


7 2 

of one which calls for division by a radical, as or • 


However, when both terms of the fraction - 7 = are multiplied 

v5 


7\/5 

by \/ 5 , we have —^ with the radical in the numerator 
5 

where it is easier to work with, arithmetically. This process is 
called rationalizing the denominator. 


Examples. (1) i/ ^=\/^= 


1 ? 
81' 




4/120-(^) 


Solution of Equations Involving Radicals. When an 
equation involves a single radical, the terms may be trans¬ 
posed so that the radical is in one member and all the re¬ 
maining terms in the other. Then both members of the 
equation may be raised to a power corresponding to the 
index of the radical. This will remove the radical sign and 
the resulting equation can be readily solved. 


Example. Solve p —2 



=0.60 for n. 



p-0.60 =2 
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(p-0.60)*= 


4p£ 

n 


__4p£_ 

“(p-0.60)* 


Manipulation of a Statistical Formula. One formula for 
the Pearson correlation coefficient is 


_ l/x'y'—Ncjfiy __ 

^^V^{xy-Ncl V'Siyy-Nci 

There are many variant forms, all algebraically equivalent 
but looking very different to the person who cannot manipu¬ 
late radicals. We must understand that Sx'?/', 2(x')^ and 
2 ( 2 /')^ are each to be considered as representing a single 
integer. Suppose we divide both numerator and denominator 
of the fraction by N. In the denominator we will divide 
each factor by ViV so that the product may be divided 
by \/iV • VN—N, The resultant formula is 


Xx'y' 

AT 
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1. Given \/2 = 1.41 
v^=1.73 
<^ = 2.24 

Without extracting any roots 
the six values listed above, fii 
each of the following: 

( 1 ) 20 

(2) f 

(3) TB 


ve =2.45 

V'7^=2.65 
V10 = 3.16 

using any tables or helps except 
the values of the square root of 


(4) 75 

(5) i 

(6) t 
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2. (1) If the denominator of the fraction in y | is multiplied by 4, 

the result is-and this value is (just as large, twice as 

large, four times as large, half as large, one-fourth as large) 
as the original expression. 

(2) If the numerator of the fraction in ^| is multiplied by 4, 

the result is-and this value is (just as large, twice as 

large, four times as large, half as large, one-fourth as large) 
as the original expression. 

(3) If both terms of the fraction in ^| are multiplied by 4, the 


(4) 


result is-and this value is (just as large, twice as 

large, four times as large, half as large, one-fourth as large) 
as the original expression. 


To multiply ^ ? by 3, we should multiply the numerator of 


the fraction by-. 

(5) To divide ViOO by 4 we should divide the radicand (i.e., 400) 
by-. 

3. From the four answers given, select the correct one and write 


its number on the blank line at the 

right. 



1 

2 

3 

4 

(1) 2V® 

= 12 

VB 

VT2 

V2i 

(2)2|4 

2 

3 

VI 

VI 

/I 

(3) 

5 

2 

VI 

VI 

Vio 

1/1 

2 

15 

Vi 

Vi 

V^ 

V 45 

® /I/I 

2 

15 

V- 

V 15 

Vi 

V 15 

(6) iV/(/1 

II 


Vf 

a/^ 
V bN 
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1 ^ 34 . 

(’> VM-1 VI > p- 

® VI Vh I VI ‘ p- 

4. From the three answers given, select the correct one and write 
its number on the blank line at the right. 

12 3 

(1) a/|/^ =^^-d - 

(2) - 

(3) iV/j/j/- 


\f hc\ a he a—hc aN^hc 

NV n) ~N~Ni ~W‘ N 



6. Reduce each of the following to a form in which the radicand is 
a single integer, and the whole radical is multiphed by a fraction, 
as fVWi or 1^(419)^. 

(1) VFa (4) {W-(iA7)*}4 

(2) VM-(A)* (5) {¥+l-(f)Mi 

(3) (6) — 

6. If ri. 28 =[l —(l~r52)(l—r?3.2)]i find ri .23 when 

(1) ri 2 = — .80 and ri 8 . 2 = — .40 

(2) ri 2 = 1.00 and ri 8 . 2 = .70 

(3) ri 2 = 0.10 and ri 8 . 2 = 0.0 
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7. Multiply 

( 1 ) 

(2) ^^hyVx 

(3) by V« 

(4) '|/i-abyv^ 

(5) by c 


(6) {f-c}Hy6 

(9) V|by2 
(10) \/|by4 


8. Multiply 


n2—ri8r23 Vl— 

V1 — ri3 V1 — rL v'l — rL 


9. If <7**-^ = V<Tx+o-J> write the formula for (7*«y when 

(2) and 

10. Multiply by g. 

11. Multiply the same expression by Vg. 

p_rs 

q g 2 

12. Multiply both terms of the fraction — ^ ^ 

VHOVHt)’ 

by g*. 

13. Multiply both terms of that fraction by g. 

14. Multiply ^^~ (^) treating 2(a;')* as a single 

number and Sx' as another single number. You do not need 
to understand the meaning of either expression, but merely 
manipulate them as numbers. 
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16 . Multiply both terms of the fraction 

XXY_/XX\(SY\ 

_ N \N/\N/ 

by Nf treating 2X7, 2X, 2X^ 27, and 27® each as a single 
number. This formula for the correlation coefficient is one of 
the very common statistical formulas. While the answer can 
be written in various forms, the one given in the answer key 
is a form commonly found in statistics texts. 

16. Multiply both terms of the same fraction by iV*. 


(1) Find >Si if a = 3.2 and N =75. 

(2) If a is doubled but AT remains the same, what will be the 
value of S? 

(3) If a is unchanged but N is doubled, what will be the value 
of 

(4) What is the general effect on S of increasing a? Of in¬ 
creasing X? 

18. Solve o'x_v = 2r(7xa'y4-<r^ for r. 

19. If <S= - - .^ -> find S when 

VN 


(1) r = .62, X=175 

(2) r = .93, X = 523 


20. If ri= zz y find n when 

Vl^rl 

(1) r 2 = .85, r, = .20, r 4 = .60 

(2) r, = .72, r3=-.12, r4=.35 


21. Solve p—3 



=0.50 for n. 
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Second Test 

1. Multiply Vi by 5. 

2. Multiply fObyr. 

S. Multiply byj»*. 



single integer. 



XIII 

SYMBOLISM IN STATISTICS 

Lack of Uniformity. Because statistical theory is a new 
science, its language is still developing, and writers vary 
somewhat among themselves in regard to certain details, 
as if they spoke slightly different dialects of the same mother 
tongue. The student who uses symbolism creatively, who 
can express his own ideas in symbolic language, will soon 
learn to pass easily from the symbols used by one writer 
to those used by another, since a common principle under¬ 
lies them all. The student who memorizes symbolism with¬ 
out making it a living language will always be greatly dis¬ 
turbed and perhaps completely balked by slight changes 
from the symbolism to which he is accustomed. 

Definitions. Suppose that a group of 10 children have 
been given a test with scores as follows: 17,16,16,15,15,15, 
14, 14, 13, 12. The mean score is found by adding the ten 
individual scores and dividing by 10. 

Let X = a score, 

and Mx=arithmetic mean of the scores, 
and N =number of cases. 

Then M definition of the arithmetic 

N mean. 

The subscript may be either a capital or a small letter, 
its purpose being merely to indicate which of several 
means is referred to. 

S is the Greek letter sigma corresponding to our capital 
S, and means the sum of 

147 

In this case SX = 147, and Mx=“Jq- = 14.7. 
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Now let X be the deviation of a score from the mean score; 
that is, X is the difference found by subtracting the mean from 
the score of an individual. x=X—Mx- 
For the ten scores, we then have 


=17 

lx =17-14.7 = 

2.3 

Xi =16 

X2 =16-14.7= 

1.3 

Xs =16 

xa =16-14.7= 

1.3 

X 4 =15 

X4 =15-14.7 = 

.3 

Xs =15 

Xa =15-14.7 = 

.3 

Xe =15 

Xe =15-14.7 = 

.3 

X 7 =14 

X7 =14-14.7 = 

-.7 

Xs =14 

Xa =14-14.7 = 

-.7 

X» =13 

Xb =13-14.7 = 

-1.7 

-Yio = 12 

Xxo=12-14.7 = 

-2.7 


Add to find the value of 2a;. It is a characteristic of the 
arithmetic mean that the positive and negative deviations (or 
differences) from it balance each other, so that 2x is always 0. 

Now let M'x he some value which we will guess to be the 
mean and from which we will compute deviations. If the 
sum (algebraic sum) of the deviations from Mx does not 
equal zero, we will know that our guess was in error, and 
we will correct it by an amount which will make the sum of 
the deviations zero. 

Let x' be a deviation from the guessed mean so that 
x' = X—M'xf and let Cx=Mx—Mx* When there is no need 
to distinguish c*,. c^, c*, etc., the subscript can be safely 
omitted, and we may write merely c=M—M\ Notice that 
a prime is used when we are dealing with an assumed mean. 
The distinction between M and M' is that the first is the 
mean of the distribution while the second is only an assumed 
mean, a guessed average, an arbitrary reference point used 
for the sake of simplifying computation. The distinction be¬ 
tween X and a;' is that a; is a deviation from the true mean 
and a/ is a deviation from the assumed mean. Then c is the 
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amount we must add to M' to get M. For illustration, 
suppose we had guessed the mean of the ten scores to be 
15. M' = 15. 

For the ten scores we now have: 

x[ =17-15= 2 
xj =16-15= 1 

X3 =16-15= 1 

xl =15-15= 0 
X6 =15-15= 0 

X6 =15-15= 0 

xi =14-15=-! 

Xg =14-15=-1 
Xg =13-15=-2 
Xi'o=12-15=-3 

Here we have 

Sx'=4-7= -3 



and M=M'+c=15—0.3 = 14.7, which is the value we found 
by the formula 


Exercise 23 

1 . What is the value of Xt—x%l Xj-^X:? x{o--Xio? 

2. Write a formula connecting x, x', and c*. 

The Standard Deviation. The mean will serve to measure 
the central tendency of these scores, but it gives no idea of 
how much they scatter. To measure the scattering of the 
scores away from the mean, or their tendency to cluster 
around it we need some sort of an average of the deviations 
from the mean. But if we average them in the usual way, 
adding deviations and dividing by 10, we find merely that 

^=^=0- This sum wiU always be zero, because the 
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positive and negative deviations balance each other. Con¬ 
sequently we need to get rid of the negative signs, and this 
can be done by squaring the deviations. Then we have 


xl 

=( 

2.3)2= 

5.29 

4 

=( 

1.3)2= 

1.69 

xl 

=( 

1.3)2= 

1.69 

xl 

=( 

.3)2= 

.09 

xl 

=( 

.3)2 = 

.09 

Xe 

=( 

.3)2 = 

.09 

x^ 

=( 

-.7)2 = 

.49 

/V.2 

Xs 

=( 

-.7)2 = 

.49 

xl 

=(- 

-1.7)2= 

2.89 

xlo 

=(■ 

-2.7)2= 

7.29 


' = 


20.10 


If we divide this sum by 10, we have 2.01 which is an 
average of the squared deviations, a mean square deviation^ 
often called the variance. Now we will take the square root 
of this mean square deviation in order to undo the effect 
of the squaring, so far as that is possible. The result is called 
the root mean square deviation, or more often the standard 
deviation, and is designated by the small Greek sigma, <t. 

Here (7 = \/2.01 = 1.42 

In order to write a formula for a, let us examine this 
process step by step. 

First, we squared the deviations from the 
mean. 

Then we added all such squares. 

Then we divided this sum by the number of 
cases, which gave us the mean of the squared de¬ 
viations. 

Then we took the square root of the result. 

Accordingly, the formula for the standard de¬ 
viation is 
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Computing the Standard Deviation from an Assumed 
Mean. The two questions in Exercise 23 have shown us 
that x[=xi-]rc. Translate this equation into words. How 
many such equations are there? If we square both sides of 
this equation we have (x[y=x\+2xic+c^. For the ten 
scores we have been considering there are ten equations 
like this. These are: 

{x[ +2xic +c2 or ( 2.3)2+2(2.3)(-.3) +(-.3)2 

(4 Y=x\ +2 x2C +c 2 or ( 1.3)2+2(1.3)(-.3) +(-. 3)2 

{xz y=^xl +2 x3C +c 2 or ( 1.3)2+2(1.3)(~.3) +(-. 3)2 

{x[ )2 = x2 +2 x4C +c 2 or ( 0.3)2+2(0.3)(-.3) +(-. 3)2 

(4 )^ = ^6 +2 x5C +c 2 or ( 0.3)2+2(0.3)(-.3) +(-. 3)2 

(4)2 = x^e+2x6C+c2or( 0.3)2+2(0.3)(-.3) +(-. 3)2 

{x\ )2 = a;2 + 2 x 70 +c2 or (-0.7)2+2(~0.7)(-.3) + (-, 3)2 
{x[ Y = x\ +2x,c +c2 or (-0.7)2+2(~0.7)(-.3) + (-. 3)2 
(x; Y = x\ +2x,c +c2 or (-1.7)2+2(-1.7)(-.3) + (-. 3)2 
{x[,Y^x\,+2x,,c+c^ or (-2.7)2+2(-2.7)(-.3) + (-. 3)2 

Adding: 

S(a:')2=Sa:2+S2xc+Sc2or20.1 + 0 +0.9 

Notice that all the values of c2 are exactly alike, so their 
sum is 10c2, whereas the values of {x'Y differ from one in¬ 
dividual to the next, so that their sum must be written 2(x')2. 
The middle term in the right hand number, 22xc, is really 

2XiC+2X2C+* • •+ 2 XioC = 2c(Xi+X 2 + * • •+Xio) 

= 2cSx. 

This can be seen clearly from the numerical substitution 
above. We have already seen that Sx=0. Therefore the 
middle term is zero, and we have 

S(x')2=Sx2+10c2. 

Dividing both sides by 10, 

10 ~ 10 ^ 
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or, in general 


n*r=iv+"- 


^ ^ ^ 2 a :2 2 ( x ')2 , 

Solving for we nave ^ • 

Taking the square root of both sides of the equation, 


VW-]/W 


-c* 




N 


'\2 


N 


Therefore we may compute <r by the formula 

which is easier to use in computing than the form a— ^'■ 

because deviations from the mean usually are fractions 
difficult to square. 

Going back now to the numerical values for the x’s we 
have: 


(xi )*= 
ix', )* = 
«)*= 
(x', y= 
(x'e )» = 
(xi)^=(- 


2*= 4 
1*= 1 
P= 1 
0*= 0 
0 *= 0 
0 *= 0 
■1)*= 1 


(4 )*=(-!)*= 1 
(4)*=(-2)*= 4 
(x/o)*=(-3)*=_9 
21 


ThenS(xO*=21. 


|/fl-(-.3)>=vm -1.42. 

This is the same result as we obtained by the formula 
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Computation with Grouped Frequencies. In the list of 
ten scores used in the foregoing illustrations we had two 
scores of 16, three of 15, and two of 14. The distribution 
might then have been written as follows. 

Z / 

17 1 

16 2 

15 3 

14 2 

13 1 

12 1 

To compute the mean from this distribution, we must not 
fail to remember that the score 15 is to be used three times, 
so that the corresponding value of x' or (x')^ is to be mul¬ 
tiplied by 3. Three is the class frequency of the score 15. 
The computations from this grouped distribution would be 
as follows: 


X 

/ 

x' 

fx’ 

/(*')’ 

17 

1 

2 

2 

4 

16 

2 

1 

2 

2 

15 

3 

0 

0 

0 

14 

2 

-1 

-2 

2 

13 

1 

-2 

-2 

4 

12 

1 

10 

-3 

-3 

-7 

+4 

-3 

9 

21 


It now seems appropriate to introduce an / (/= frequency) 
into the formulas, writing 


^fx'=-3, Zfix'y=21, N=2f, 
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Study this computation until you understand that the only 
difference between it and the work on page 120 is in the form 
in which it is set down. The chief reason for writing / into 
the formulas is to warn the novice not to overlook / in his 
computation. The / is a sort of flag waving to warn the 
absent minded not to overlook the class frequencies. 

Computations with a Step Interval Other than One. 
Sometimes our measurements are such that it is more con¬ 
venient to use a step interval which is either larger than 1 
or smaller than 1. For example, suppose that the heights of 
20 children of the same age are found to be, in inches, 30|^, 30, 
30, 29i, 29i, 29i, 29, 28i, 28i, 28, 28, 28, 27i, 27i, 27, 27, 
27, 26, 26, 25i. The computation of the mean and standard 
deviation might be arranged as follows: 


X 

/ 


h' 

fix’y 

30i 

1 

5 

5 

25 

30 

2 

4 

8 

32 

29i 

3 

3 

9 

27 

29 

1 

2 

2 

4 

28J 

2 

1 

2 

2 

28 

3 

0 

0 

0 

27i 

2 

-1 

-2 

2 

27 

3 

-2 

-6 

12 

26i 

0 

-3 

0 

0 

26 

2 

-4 

-8 

32 

25i 

1 

-5 

-5 

25 


20 


5 

161 


Height was measured to the nearest half-inch. We have a 
step interval of one-half. The values in the columns headed 
rc', /x', and f{x'y are in terms of half-inch step intervals, not 
inches. The children with height 29i are 3 step intervals 
above the mean, 3 half-inches. To compute the mean we 

"Zfx' 

add the correction, assumed mean. But 
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S/x' 5 

is in terms of step intervals while Af'=28 is in 

N 2Q 

terms of inches, and these two values cannot be added until 
they are reduced to the same denomination. The correc¬ 
tion must be multiplied by the width of the step interval 
to bring it to the same denomination as the assumed mean. 
Therefore M=28+i(i)=28i 
In computing the standard deviation by the formula 

/ 2 /( x ')2 

(t=/ 4/ —-shall we use which is in terms of 

step intervals, or c = i, which is in terms of inches? The 

. , 2:/(x')2 161 . 

question can be answered by noting that ———is in 

terms of the step interval. Certainly any number subtracted 
from it must be expressed in step intervals also. Therefore 

/101 7^X2 

V ^”"( 4 ) intervals) or 

=1.4 (inches). 

If we let width of step interval and c=correction in terms 
of step intervals, then we have 

Af=M'+cz, _ 

a (step intervals) = — c*, 

(r(mches) = e 4 


The whole matter of knowing when to multiply c by the 
step interval and when not to do so is very simple. It really 
involves nothing more than the familiar fact that when two 
numbers are to be combined they must be in the same de¬ 
nomination. We may describe a line as being either 18 in. 
long or li ft. long, and we are not confused because two nu- 
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merical measurements of the same thing look very unlike. 
If, however, a table is 18 in. by 3 ft., and we want an ex¬ 
pression for the area of its top, we know we cannot say its 
area is 18X3. We cannot combine these two numbers until 
both are in the same denomination, either 18X36 = 648 or 
HX3 = 4J. In the same way, c may be expressed either as 
a certain number of step intervals, or as a certain number of 
scores (inches, dollars, years, or whatever the scale unit 
may be), and the standard deviation may likewise be ex¬ 
pressed in the same ways. It is only a matter of common 
sense to recognize that when one term in a formula is ex¬ 
pressed in step interval units the terms which combine 
with it must be expressed in the same units. When one term 
is expressed in score units other terms which combine with 
it must be expressed in score units also. 

Exercise 24 

1. Below is a set of symbols and also a set of descriptive phrases. 
Look among the phrases until you find one which translates 
the first symbol, then write the number of this phrase on the 
line at the left of that symbol. Since there are more symbols 
than phrases, the same phrase may apply to more than one 
symbol. If more than one phrase properly describes the same 
symbol, write both numbers on the line at the left of that 
symbol. 


-(T 

(1) A class frequency 

M, 

(2) A mean 

-x' 

(3) An assumed mean 

- X 

(4) The sum of all the class fre¬ 

Mi 

quencies 

- 'Zx 

(5) A standard deviation 


(6) A deviation from the true mean 

N 

(7) A deviation from an assumed 

IfX 

mean 

N 

(8) Zero 
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(9) The amount which must be 
added to the assumed mean to 
produce the true mean 

(10) The number of cases 

(11) The mean of the squared devia¬ 
tions from the mean 

(12) A score 

(13) The variance 

(14) The square root of the variance 

to use different letters to distinguish 
between the scores on various tests. If you have mastered the 
general plan of the symbols used in this section, you will be 
able to apply it when a score is named F or Z or something 
other than X. Suppose we have given a class four tests which 
we will call Z, F, Z, and W. 

(1) Write a formula to represent the total score of pupil 7 on 
the sum of the four tests. 

(2) Write a formula to represent the difference between the 
mean score of the class on test X and on test F. 

(3) If the four tests are given to an entire class, what is the re¬ 
lation between Nxt Ny, Nzt and Au?? Could the subscripts be 
omitted? 

3. Translate these verbal statements into symbolic statements, 
using the letter F instead of X to designate the trait. 

(1) The sum of the deviations from the mean is zero. 

(2) The mean can be found by adding the scores and dividing 
by the number of scores. 

(3) The mean can be found by taking an assumed mean and 
adding to it the mean of the deviations from the assumed 

2 

mean. Note that the symbol ^ is a general pattern ex- 
2 ?/' 

pressing a mean, so that —~ is the mean of the deviations of 
N 




-V- 


N 


-N 

Sa;» 


N 

2 . Sometimes it is necessary i 
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a set of scores in Y from an assumed mean, — is the 

N 


(4) 

(5) 

( 6 ) 


mean of the squares of the deviations from the mean of F, 


and 


S ( ) . 


N 


indicates the mean of whatever we may write 


in the parenthesis. 

The variance is the mean of the squares of the deviations 
from the mean. 

The mean of the squares of the deviations from the mean 
is less than (< ) the mean of the squares of the deviations 
from any other reference point. 

The sum of the class frequencies is the number of cases in 
the distribution. 


4. For the ten scores with which we have been computing through¬ 
out this section (see page 115), we found Mx—l^.7 and (Tx = 1.42. 
Now add 5 to each of the original scores, making the list 22, 
21,21,20,20,20,19,19,18,17. Compute the mean and standard 
deviation for this new distribution. 


6. Subtract 2 from each of these scores and compute the mean 
and standard deviation. 

6 . Formulate a general rule stating the effect upon a mean and 
the effect upon a standard deviation of adding a constant 
amount to all the scores. 

7 . Study the following, and translate each important statement 
into words. State the final conclusion in words. If we add a 
to each score, then a score will be Z+a, 

S(Z+a) SZ , Sa SZ , Na SZ , 

Therefore ilf*+a==Afx+a. 

A deviation from the mean of the new series would be 
{X+a)-Mx^a=^X+a-{Mx+a)=X-Mx^x. 



Then 



EXERCISE 24 


127 


8 . An algebra test was given to 400 high school children, of whom 
150 were boys and 250 were girls. The results were as follows: 

Ab = 150 ^^0 = 250 

Mb = 72.5 Ma = 73.6 

<7b = 7.0 o-Q = 6.4 

After the means had been obtained for boys and girls separately, 
the mean for the combined groups was needed and was found 
by the formula 

_ N NQ 

Yc “ 

(1) Put this formula into words. 

(2) Write a formula for finding Nc from the data you have 
given. 

(3) Find Me. 

(4) If = — find the numerical value of do. Translate 

this statement into words. (d=difference.) 

(5) Write the formula for finding da and find its numerical value. 

(6) Compute (Tc by the formula 

Ne<Tl==NM+dl)+NM+dl). 

9. How many values of M may there be for a single distribution 
of scores? How many values of M'? 

10 . Suppose that zero is used as an assumed mean. Notice that the 
deviation of any score from this mean is just the score itself. 
What is the correction for the assumed mean? Show that in 
this case the formula for computing the standard deviation 
becomes _ 
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XIV 

VARIABLE, UNKNOWN, PARAMETER, FUNCTION 

Importance. Students of statistics are often handi¬ 
capped because they have never acquired a clear concept 
of variables. The texts in elementary algebra have some¬ 
times contributed to this haziness of thinking by failing to 
distinguish between variables and unknowns. When these 
two are confused, clear thinking on statistical problems is 
hampered. 

Constant. Certain symbols, such as the numbers 1, 2, 3, 
etc., always have the same meaning whenever they are 
used in a mathematical expression. There are also a few 
letters which have a constant meaning. For example the 
Greek letter tt represents the ratio of a circle to its diameter. 
Its value is unchanging but cannot be expressed with com¬ 
plete numerical accuracy, such values as 3.14, 3.1416, 
and 3.14159 being approximations to the real value. Another 
number with important mathematical properties, whose 
numerical value like that of x can be stated only approxi¬ 
mately, is denoted by the letter e. Its numerical value is 
approximately 2.71828. This e is the base of the system of 
natural logarithms and is of great importance in the rela¬ 
tions studied in the calculus. In statistical theory it occurs 
in the formula for the curve of error, often called the ‘‘nor- 
maF' curve. In the same way the letter g is used by a physi¬ 
cist to represent the acceleration in feet per second in the 
speed of a falling body due to gravity alone. It is approxi- 

129 
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mately 32. These letters represent constants just as do 
such number symbols as 7, 2\/l0, or f. 

Unknown. An unknown is a number whose value is 
temporarily unknown, often represented in algebraic prob¬ 
lems by the initial letter of a word or by Xy y, or z. Thus in 
one problem v may stand for the velocity of a projectile in 
feet per second while in another problem v may stand for 
the volume of a solid in cubic centimeters. The initial let¬ 
ters of words are often used because of their suggestiveness. 
Sometimes however this practice leads to duplication and 
confusion, and therefore elementary algebra makes much 
use of the letters x and y to represent unknown numbers. 
A letter used in this way has the same value throughout 
one problem, represents a particular number or particular 
numbers in that problem, but is used in another problem for 
an entirely different number or numbers. Thus the equa¬ 
tion 12+x=25 asks the question ^^What number can be 
added to 12 to produce 25?^’ This question has only one 
answer, and x is representing the single number 13, tempo¬ 
rarily unknown to us. The equation 3x^+2x = 16 is asking 
the question, ‘^What is the number such that the sum of 
twice the number and three times the square of the number 
will be 16?^^ This question has two answers, 2 and — f, but 
no more. Here x represents these two out of all possible 
numbers. If we had an equation involving x^, there would 
be 3 values for x. In general if we have an equation in which 
x'* is the highest power of x, that equation has n roots, 
n values of x which satisfy the equation, and no more. The 
unknown number may have many values, but always it has a 
finite number of values. 

In some sciences the solution of equations is of paramount 
importance, but in the application of mathematics to statis¬ 
tics, solving for unknowns occurs far less often than working 
with variables. 
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Variable. Try to find a value of x for which the equation 
(a:+2)(a;—2)=a;^—4 is not true. You may let x represent 
any number you Uke, but the statement always holds for 
all values of x, large or small, integral or fractional, positive 
or negative, rational or irrational. Suppose we translate this 
equation into the question, “What is the number such that 
the product of two more than the number and two less than 
the number shall be four less than the square of the number? 
The only possible answer to such a question is that this re¬ 
lationship is true for all numbers. A question is therefore a 
rather unsatisfactory translation for this equation. It is 
more meaningful to translate this equation as an observa¬ 
tion, a statement of a universal relationship, true for any 
number one may choose. Here x is not an unknown but a 
variable. 

Likewise, the following are true for all values of the vari¬ 
able. Translate each of these into words: 

3n+7n —47i=6n 
4(a;+l) =4x+4 

(r+l)(r—1) =r^—1 
5(x+y) =5x+5y 

(n+2)^ =n^+2n+i 

Identity and Equation of Condition. The equation 
X x 

2 +g = 10 asks the question “What is the number whose 

half and third added together make ten?^^ or makes a con¬ 
ditional statement “Half of a number plus a third of that 
number will be 10 if the number is 12” The equation 17r+3r 
= 20r asks no questions and makes an unconditional state¬ 
ment “When 17 times a number and 3 times that number 
are added, the result is always 20 times that number.” The 

X X 

statement value of x only, the 

statement 17r+3r=20r is true for all values of r. 
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At first sight, the equation 

(x-5)(x-l) + (a;+2)(a;-3)+3x+3 = 2(a:~l)2 

looks as though it were an equation of condition, asking 
the values of x for which the equation is true. If both mem¬ 
bers are expanded, however, we have 

6+3x-f3=2a:^—4a:+2 

in which the two members reduce to the same thing. There¬ 
fore the equation is an identity, true no matter what value x 
may have. Consequently x is here a variable rather than an 
unknown. 

If an equation is true for a limited number of values, 
then it is an equation of condition, true only on condition 
that the unknown has a certain value or certain values. 

Thus 3x—5 = 20 is true if and only if x = 8i. 

x^+3x—54=0 is true if x=6 or x=--9 and not 

otherwise. 

6x^+llx^—19x+6=0is true if x = i, x = f, or x= —3, 

and not otherwise. 

Sometimes what looks Hke an equation has no finite solution. 
For example, there is no finite number for which 

(x—3) (x—7)-t-4 = x^—lOx. 

If we attempt to solve this, we have 

x^—lOx+21 -f-4 = x^ ■“ lOx 
and 25 = 0. 

The result is an absurdity. In other words, there is no 
finite number which can be substituted for x to satisfy the 
equation. 

A single equation containing more than one unknown is 
indeterminate, satisfied by infinitely many sets of values. 
In general we must have as many equations as unknowns 
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to obtain a unique solution. When we have fewer equations 
than unknowns, they are satisfied by an indefinitely large 
number of values. When we have more equations than 
unknowns, it often happens that no solution will satisfy 
them all. Thus there are infinitely many pairs of values 
of X and y such that a:—y=2, but only one pair for 
which a;-‘y = 2 and a:+^=6. That pair is x = 4, y = 2; More¬ 
over there are no pairs for which x—y = 2, x+y=6, and 
2x+3y =10. 

Function, Write down several pairs of values for which 
the equation y = x+3 would be true. Translated into words 
this reads, There are two numbers such that one is 3 units 
larger than the other.^^ Obviously there are an unlimited 
number of pairs of values for which this relationship holds, 
and one can imagine values of x stretching away toward 
infinity in either direction, each one tied to a related value 
of y by the equation y—x+3. Clearly x and y are related 
pairs of variableSj rather than unknowns. As soon as x is 
given a value, then the value of y is definitely fixed, and 
vice versa, i.e., i/ is a function of x. Obviously x is also a 
function of y. 

Consider the equation C=f(F-“32°) which states the 
relationship between readings on Centigrade and Fahren¬ 
heit thermometers. Any change in the value of F produces 
a corresponding change in the value of C. The Centigrade 
reading is expressed as a function of the Fahrenheit reading. 
As the relationship is stated here we say that F is the in- 
dependent variable and C the dependent variable because C is 
stated in terms of F, Also we say that C is an explicit func¬ 
tion of F while F is an implicit function of C. If the same 
equation is transformed to read F=|C+32°, we have F 
an explicit function of C and C an implicit function of F, 
Now C has become the independent variable and F the 
dependent variable. 
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. When two variables are so related that any change in the 
first produces a corresponding change in the second, then the 
second is said to he a function of the first The notation 
used by mathematicians to express symbolically that is 
some function of is y=f{x). When the expression/(x) is 
encountered in a treatise in pure mathematics, at least in 
advanced mathematics, it may be understood to mean ^‘a 
function of x” However when we see f(x) or/(x')^ or any 
similar expression in a textbook in elementary statistics, it 
means something quite different, as we saw in Chapter XIII. 
There/(x')^ meant simply “the square of x' multiplied by the 
corresponding frequency f” To avoid any possible confu¬ 
sion, and because the functional notation is not commonly 
used in texts in elementary statistics, the functional notation 
will not be used here. The concept of functionality, that is 
the dependence of one variable upon another, however, is 
fundamental to any clear thinking in the field of statistics. 

Suppose y = %{x—Sz+2w), then 2 / is a function of the 
three variables x, z, and w together. The size of the corn 
crop is a function of temperature, rainfall, and other fac¬ 
tors. The cost of a garment is a function of the quality of 
the cloth, the amount of cloth, the expense of manufacture, 
the expense of selling, and other factors. The weight of a 
child is a function of its age, sex, height, race, health, skeletal 
structure, and other factors. Statistical method is commonly 
applied to problems in which one variable is a function of 
many other variables. 

Parameter. A parameter is a constant so long as you con¬ 
sider one particular situation, it is a variable when you gen¬ 
eralize all such situations. For example, y=Sx represents a 
straight Hne through the origin with slope equal to 3; y—^x 
represents a straight line through the origin with slope equal 
to i. What is represented by y^—7xl by y—%x*l 
hyy=-^x? 
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It is evident that these equations are alike except for the 
numerical coefficient of x, and that the lines are all straight 
lines through the origin, with var 5 dng slopes. We may gen¬ 
eralize these equations with the single equation y = mx in 
which m represents the variable slope of the line. A quantity 
used as m is used here is called a 'parameter. 

In the section on graphs, we learned that such equations 
as y = 3Xj y = 3x—5j y = 3x+2y y=3xA-7j represent parallel 
straight lines, and that the constants 0, —5, +2, 7, in these 
equations indicate the distance from the origin to the point 
at which the line cuts the ?/-axis. These equations may be 
generalized by the equation y = 3x+k representing the 
entire set of lines with slope 3. Such a set of Unes is often 
called a ‘'family/' Here fc is a parameter showing the dis¬ 
tance from the origin to the intersection with the vertical 
axis. In the same fashion, y=—2x+k represents the family 
of straight lines with slope —2, and y=^x+k represents the 
family of straight lines with slope f. 

If we wish to write an equation for a straight line in which 
both the slope and the intersection with the y-axis are gen¬ 
eralized, we shall need two parameters. We may write 
y^mx+k, and may consider m and k to be parameters, 
variable constants changing from one equation to the next, 
while X and y are true variables. If we give m and k particular 
values, say m=2 and k=—3y then we have an equation, 
t/ = 2a;--3, representing a particular relationship between the 
variables x and y. 

To generalize such quadratic equations as 2 / = 3x^+2a:—1, 
fx+i, or y = — 2a;^+ia:—i, requires three parameters. 
If we use a, 6, and c as these parameters, the generalized 
equation is y^ax'^+hx-\-c. To generalize such equations as 
2/=3 x— 2i(j+4, i/=4x+i(;—t, requires three 

parameters, and the generalized equation may be written 
y-ax+hw-^c. 
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Suppose that a spelling test Si, a grammar test S 2 , and a 
composition test Sz have been given to all the children in 
grades 5 to 9 in a large city school system. The director of 
research wants a combined score on the three tests for each 
child, but he decides to weight the tests differently for 
each grade. For the total score he writes the equation 

T = 7/li>Sl”|“Wl2>S2"t"WZ8)S3”t’fc 

where mi, m 2 , and m 3 are the multipliers by which he proposes 
to weight each score, and fc is a number which he proposes 
to add to the composite in order to make the mean score for 
the various grades come out the same. Thus mi, m 2 , mz, 
and k are parameters, varying from grade to grade but con- 
stant for all the children within a single grade. T, Si, S 2 , and 
Sz vary from child to child and are genuine variables. 

The investigator now undertakes a statistical study to 
determine what numerical values these parameters have in 
each particular grade. Until this study is completed these 
parameters are unknowns. T, Si, S 2 , and Sz, however, are not 
unknowns but variables. They are known for every child 
and furnish the statistical data from which values of the 
parameters may be computed. Such statistical procedures 
are outside the scope of the present discussion. Let us sup¬ 
pose, however, that in this study the investigator decides 
to weight his test scores in inverse proportion to the stand¬ 
ard deviation of these scores, so that he lets mi=~j m 2 =~> 

0*1 cr2 

and mz = — He now computes these standard deviations for 

0’3 

each grade separately, and consequently the values of <ri, 0 - 2 , 
and az are seen to be parameters, varying from grade to 
grade, but constant for all the children in any one grade. 

As a further example, suppose that an investigator is 
studying the weight of children in relationship to their 
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height and age. For a group of American bom white boys of 
ages 6 to 16 he derives by statistical methods an equation to 
predict weight from age and height. His general formula is 

W=r^H.a—H+r^.,—A+k 

In this equation W, H, and A represent the height in 
inches, weight in pounds, and age in years of a particular 
child, differing from one child to the next, and are therefore 
variables, W being the dependent variable which is described 
as a function of the independent variables H and A, All 
the other letters in the equation, k, the two r’s, and the 
four sigmas, represent statistical constants computed for 
the entire group of boys. Their precise meaning need not 
be understood, but it must be recognized that they are 
constants so far as this one group of boys is concerned. 
However if a similar study were made for Japanese boys, 
the relationships between height, weight, and age would be 
found to be slightly different and consequently these various 
r^s, sigmas, and k would have slightly different numerical 
values. Likewise if the study were made for American born 
white girls, negro boys, negro girls, Swedish boys, Swedish 
girls, etc., these statistical constants would change from 
group to group. It is therefore apparent that W, H, and A 
are true variables while all the other letters represent pa¬ 
rameters. 

Equation and Function. The expression is a 

function of x but it is not an equation because it contains no 
statement of equality. The expressions x2+3x‘-5=0, 
x2+3x—5 = 2 /, x2+3x—5 = 20 are all equations because they 
state that two quantities are equal. The sign of equality 
performs a service similar to that of a verb in a sentence. 
‘*The broad road^' is a phrase while ^^The road is broad'' 
is a sentence. In the same way 2x^ is a function while 2x^=8 
is an equation. Study the follov/ing: 
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Function or Phrase 

Equation or Sentence 

A stormy day 

The day was stormy 

A small boy 

The small boy was playing marbles 

My hat 

The hat is mine 


1 

11 

O 


3+12x-2x^ = 2/-“5 

4r«“-2r-f8* 

4rs-fs2 = 2r 

{x-y){x-\-y) 

{x-y){x-\-y)=^x^-‘y^ 


Exercise 25 

1 . From the list of algebraic expressions given below, select all 
those which are functions but not equations, and place a check 
in column 1 opposite each of these. In the same manner, place 
a check in column 2 opposite each expression which is an equa¬ 
tion, a check in column 3 opposite each expression which is a 
conditional equation, a check in column 4 opposite each expres¬ 
sion which is an identity. 


Expression 

Function 
hut not 
an 

Equation 

Equation 

Condi-- 

tional 

Equation 

Identity 


1 

2 

3 

4 

(1) a;+2/= 30 

(2) 

(3) X2/4-3 

(4) x^+3x^-2x-7 

(5) x8+3a;2-2a; = 7 

(6) 49 

(7) 49x 

(8) Zx+7y—^w 

(9) 5(x-3)2+4 

(10) 2x+5x=7x 

(11) 13(x~y)+7(x-2/) 

= 20(x-2/) 

(12) x»42/+10 

(13) x2-7x+10=»0 

(14) 3(x-2)=3x*-6 

(15) (x~3)(x+3)=x2~9 
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2 . On the line at the left of each equation,, write a number to indi¬ 
cate how many values of the variable will satisfy that equation. 
Use the symbol oo when the number of values is unlimited. 


■ ( 1 ) 
■ ( 2 ) 
(3) 
• (4) 
(5) 
■ ( 6 ) 

■ (7) 

■ ( 8 ) 
■ ( 9 ) 
( 10 ) 

( 11 ) 

•( 12 ) 

(13) 

•(14) 

(15) 

(16) 
(17) 
•(18) 


22/-hl2=5j/-3 
82/+6 = 8y+4 
17n—3«=14re 


2a:2-lla:-f6=0 
3x’—5x'“-i-x=0 
X ■*—4x ’+6x ^—4x-t-1=0 
5(x-2) +3(x-2) =8(x-2) 
y=x^ 


x+y = 10 

(x-2)(x+5)=x^+Zx-m 
2(3x-4) 


X- 


:-f-4=x-l-- 


X—2 


3x-1-52/=40 

8x2-|-10 = 8(x-l-l)(x-l) 
y^-y* = 20 
x^—3x+2=y 
n—8=3 


2x2-llx-1-6=0 

3(x — 1)-|-5(x — 1) = 4(x—1) 


3. Each of the formulas given below is the statement of the way in 
which two or more variables are related. Each formula also 
contains one or more parameters. In each formula, decide 
which letters represent variables and which represent parameters. 

(1) C..(^)j'+M,-r(^)», 


This formula is intended to estimate a student^s most prob¬ 
able standing on a college algebra test (C) when his standing 
on a prognostic test (T) is known. 

r is a measure of the relationship between scores on the two 
tests, computed for the entire class. 

ffc and at are the standard deviations of the entire class on 
the two tests. 
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Me and Mt are the mean scores of the entire class on the two 
tests. 

(2) S=miTi+m^Ti+miTty where S is the final score of a stu¬ 
dent, Tiy T 2 , and Ti are his scores on three separate tests, 
and rwi, m 2 , and ma are the multipliers by which the separate 
scores are weighted to form the composite S, The formula 
is to apply to all students in a class. 

(3) where Si, /S 2 , and Ss are the scores made by 

(Xi <T2 (T 3 

a pupil on three separate tests, T is his total weighted score, 
and cTi, 0 - 2 , and era are the standard deviations of the scores of 
the entire class on the three tests. 



XV 

MULTIPLICATION OF POLYNOMIALS 
Initial Test 

Expand each of these products mentally, write the results 
and compare with the answers in the key. 

1. (n~l)2 

2. (l-3a)2 

3. (4-5r)2 

4. {y—rxY 
6. (a:i-2)(x2+3) 

6. (3a+5)2 

7. (3r-4n)2 

8. (a—2n)(2a+n) 

Importance. The derivation of many of the simpler 
statistical formulas calls for finding the product of two 
binomials, while more thorough study of statistical theory 
gives many occasions for finding higher powers of a binomial 
or powers of a polynomial. Since this book is not intended 
as background for advanced statistical work, it seems best 
to include here only such exercises in the multiplication of 
two binomials as are needed for the chapter on Summation. 

Multiplication of Two Polynomials. This is obviously 
only an extension of the multiplication of a polynomial by 
a monomial, studied in Chapter VIII. To multiply 
(3a-~26+c) by (a—2c) we multiply it first by a, then by 
^2c, and add the results, thus: 
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»■ {o-m-t) 

10. {xi—ai){x2—a2) 

11 . (xi—ri-^Xi) 

14. {axi—^xt)iaxi+^xi) 

15. —^**^^*) 
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3a —26 +c 
a —2c 

3a^—2a6+ac 

_ —6ac+46c—2c^ 

3a2 - 2ab - 5ac+46c - 2c^ 

Exercise 26 


1. (n—2r+5s)(s—3n+r) 

2. (p-5g)(2p+^-l) 

3. (c-l)(c2-2c+l) 

4. (a”f"6—l)(a—6-1-2) 

6 . lx^-2xy+y‘^)(x‘^-2xy+y^) 

Special Products of Binomials. The product of two bi¬ 
nomials can be readily found by inspection without setting 
down the work on paper. It is obvious that {a+b){c+d) 
—ab+ac+hc+hdy no two of the four terms being similar. 
When some of the terms are similar and can be combined, 
as in (a+2)(a—7) = a2-[-2a—7a—14 = a2 —5a —14, there are 
various short cuts and special cases which usually receive 
a good deal of attention in a regular text in algebra. So far 
as the student of statistics is concerned, he can get on very 
well without knowing these special cases. He would not be 
much inconvenienced if he were obliged to write out the 
product of two binomials in four terms, subsequently com¬ 
bining similar terms when possible. 

The student who prefers to master these short cuts should 
verify the following typical products by multiplication: 

(a-b 6) ^=a^-[-2a6-f-6^ 

(a-6)2=a2~2a6+62 
(a+6) (a—6) = a^—6^ 

(a-}-6) (a-j-c) = a^-f* (6-|-c)a-f-6c 

(mia+nib){m2a+n2b)==mim2a^+{min2+m2ni)ab+nin2b^ 
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With these types as patterns, the products in Exercise 27 
can be written out by inspection. However, learning these 
types is of very little importance, and the student will do 
quite as well to write out the products in four terms and 
later combine similar terms. 


Exercise 27 


1. C3-a:,)^ 

2 . {y-4a){y—6a) 

3. (2r-5)(2r+5) 

4. (l-3c)2 

5* 


6 . 


8. {x,—ai){x3—a3) 

9. 

10. 


11. (4m— 5p)(3n+2p) 

12. (3t+l)(2-50 

13. (l-5a;)(5x+l) 


14. (ri-Mi)(ri+2ni) 
16. {x'-cY 

16. {X-MY 

17. {X-M^){Y-My) 

18. {x' -Cx){y'-Cy) 


19. (x2— 

20 . 


(Tz 
0^3 




Second Test 


Expand each of these products mentally, write the results, and 
compare with the answers in the key. 


1 . 

2. {Zd+IY 

3 . ( 2 -n;)* 

4. (xi—riiXiY 

6 - {Vl-7){y^+l) 

6. (4c-3)* 

7. {5p-2qY 

«. (r-3<)(3<+r) 


9. 

\ n/ \x a/ 


10. (pi-ci)(y2-cj) 

11. (xs—rn^Xi^ 

“• ( 14 ) 1 - 1 ) 

«• («-l)(' 4 ) 


14. (fx,-l)(txi-2) 

16. (y^-rnjy^{yi-rt^^^ 



XVI 

FACTORING, SUMMATION 
Initial Test 

1 . Factor each of the following expressions into a monomial and 
a polynomial factor: 

( 1 ) (ixi+ax2+ax3 ( 7 ) piqin+piqin+PiQzn 

(2) (T\ — <j\r\2 <^2 + 0^2^22.8 

(3) hxiyi+hx^yi+hxzy^+bxiVi (9) “+“+~ 

(4) 6rn—3<n+3n2 

(5) 0'i+ri20‘i0’2+ri30‘i<r8 (11) 5a^+56^+5c® 

( 6 ) A 16 +A 26 +A 36 (12) Na+Nh 

2 . Assume that x and y represent variables and all other letters 
represent constants, and that N is the number of terms to be 
added in each summation. Place a plus sign in front of each 
statement which you consider to be correct and a minus sign 
in front of each statement which you consider to be incorrect. 

- (1) lly^Ny 

- (2) S6 = V6 

- (3) i:kx^=Nkx^ 

- (4) 'Iikx^ = klix^ 

- (5) l!tR\,2xy = R\.^xy 

- ( 6 ) 71{x-y)=^x-^y 

- ( 7 ) l^xy = yZx 

- (8) 23c = 3Vc 

- (9) S(2a:)(52/) = 10 Sx 2 / 

-(10) S(2/+l)=S2/+Ar 

-(11) Xny = nEy 

-(12) Xny=y'Sn 
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-(13) Sx2/=a:S2/ 

-(14) S(a:-3)* = 2a;2-6Sx+9iV 

-(15) S(M-ar)=ArM-2a: 

-(16) S(x-l)=Arx-i\r 

-(17) 'Exy^Nxy 

-(18) 25x = 52x 

-(19) 'Ecxy=xXcy 

-(20) 'L(T‘^xy = a’^1ixy 

3. In the following problems it is to be understood that x with 
any subscript whatever, or x without a subscript, represents a 
variable. Any other letter represents a parameter or constant. 
The following substitutions may be made: 


Sx=0 


^2XiX2 — T itjCT \(T 2 — T2\(X\(T 2 


Similar substitutions may be made for other subscripts, as for 

,1^2 2 2x2X4 . 

example •^2^X4 = o‘ 4 , -= r24, etc. 

^ N<Ti(T4 

Perform whatever algebraic manipulations and substitutions 
are necessary, and for each of the following expressions find an 
equivalent expression in which the letter x does not appear. 

(1) ^^(xi-c)(xi-b) 

(2) lz(x,-r,^x,y 

(3) i^(xr-n^x,)(x,-r,^x,) 

Importance. The chief necessity for factoring in ele¬ 
mentary statistical method is in connection with problems 
involving summation, which often involve taking out a 
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monomial factor. Such problems of summation are of the 
utmost importance to statistics. It often happens also that 
a monomial factor is taken out in order to reduce formulas 
to simpler form. Factoring polynomials into binomial or 
trinomial factors is seldom needed. 

Monomial Factor. In the chapter on Signed Numbers, 
page 61, we had examples in which a polynomial was to be 
divided by a monomial. To find a monomial factor of a 
polynomial is the same thing, except that you have to de¬ 
termine by inspection what monomial will make a satis¬ 
factory divisor. Ordinarily it is convenient to select the 
largest monomial which will divide each term of the poly¬ 
nomial and leave the various quotient terms all integers. 
This is, however, not always the most satisfactory divisor 
to use in a particular situation. If asked to factor the ex¬ 
pression 24a2x—ISax^-fSOax, most people would think of 
6ax(4a—3x+5), but other possible sets of factors would be 
3 a(8aa:—6x^+10a:), or 6a:(4a^~3aa;+5a), or 12ax(2a—fx+f), 
and so on indefinitely. 

The monomial factor may be a fraction. 

Thus - —+j=- (ax-2y+x), 

and ^+10n*—^^^=^(l+4n—3n*) 

Subscript. It is not necessary in this connection for 
the student to know what a particular subscript connotes, 
but merely to recognize that it is or is not like some other sub¬ 
script. One of the noteworthy aspects of purely algebraic 
work is that algebraic manipulation may be successfully 
carried out by a person who is entirely ignorant of the mean¬ 
ing attached to the symbols. Thus suppose you need to 
factor Ri.2sri2+R2.i3ri2—Ri.2zR2.uri2 you do not need to 
have any idea of the concepts back of these rather compli- 
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cated looking subscripts in order to see that (whatever 
it means) is a common factor and Ri, 2 z and 722.13 have 
subscripts which presumably do not mean the same. You 
will therefore write 

Rl,idT 12 * 1 " 722.13^ 12 R\.2zRl.lz'f' 12 = r 12(72i.23“t”722.13 — Rl.2zR2,lz) * 


Exercise 28 


Factor each of the following expressions. (While there are con¬ 
ceivably an infinite variety of correct answers, those given in the 
key are the result of taking out the largest monomial factor which 
leaves integral terms in the polynomial.) 


1 . 5fli 4“ 10^2-f-25(23 

2 . 4a6+46c+4ac 
^ ab , ac , ad 

3- J+-3 + -3 


4. abi‘^ah2'^abs 
6. aib-\-a2b~\~azb 


6. 2r,2ri3+4ri5ri3 

7. (rl+ri(T\+ri<T] 

8 . niX+n2X+n3X+n4pc 

9. NMi+NM2+NMi 


10. 2k+2k’^+W 


> 1^12 

12.2+^; 

q 

13. axiyi+ax2y2+axiyi 

14. ati-^at2'^at3 

16. at\Si-\-at2S2~\~at3S3 

16. aits+a2ts+a3ts 

17. CX 1 X 2 +CX 1 X 3 +CX 2 X 3 

18. TiAi-f“7zA^2~l" 

19. piqir+piqzr+psqiT 


20. riVl-r‘f~2r2Vl-r* 


Summation. Suppose that hi, / 12 . . . h 2 o are the heights 
(in inches) of twenty boys. To find the mean, or average 
height, we would add these and divide the result by twenty. 

Mean=^(/ii+/i2+^3+’ • •+/ii8+Ai9+/i2o). 


This sum may be more concisely expressed by the symbol 
2h, read ‘Hhe sum of the A^s.^' S is the large sigma of the 
Greek alphabet, comparable to our capital S. To indicate 
that the sum extends only from hi to A 20 , a more careful 
manner of writing would place a small 1 below the summation 
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»-20 

sign and a small 20 above it, thus ^ hi. In complicated 

problems this is necessary to avoid confusion. To a mathema¬ 
tician the practice of failing to indicate the limits of summar 
tion seems careless and slipshod. However, in elementary 
statistics the summation is almost always over the first N 
cases, whereas in purely mathematical problems, or in more 
advanced theory of statistics, the limits may be quite differ¬ 
ent. Consequently in elementary statistics the limits of 
summation are commonly not written and are understood 
to be from 1 to N, 

To clarify the concept, the student should expand a num¬ 
ber of such sums into polynomials. First study the following 
illustrations and then the problems in Exercise 29. 

Illustrations: 

(1) S + (^3+^) + (^4+^:) 

+{xl+k)+{xl+k) = (a;J+x*+x^+a:5+a;|+a;^)+6A: 

(Since the numbers above and below the summation sign 
state that the subscript for x changes from 1 to 6 but do 
not mention fc, we must assume that A; is a constant.) 

»«6 

(2) 2/ o».l/<=a®iyi+oa^2y2+a»3t/3+oa;42/4+aa;6l/6 

=a(xiyi+X2yi+X3y3+Xiyi+X6y6) 

i-7 »-7 

(3) 2) (®<+®) =S (a:?+2aa:.-f-o*) = (xl+2ax3+a^) 

»-3 t-3 

H" (3!4'4'2(m;4-1-(i*) -f- (x5-|-2oa;5-l-(i*) -1* (x5-|-2(iX6-|-(i*) 

4-(x*+2aa;7+o*) 

= (xl+xi+3^+xl+xf)+2a(x3+X3+X3+X3+X7) +5o* 
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i-ff i-lf 

(4) %{Xiyi-yi-2Xi+2) 

i-1 t»l 

= (xiyi - 2/1 ~ 2xi^-2) + ( x 22/2 - 2/2 - 2 ^ 2 + 2 ) 

+ (a^32/3 “2/3-2x3+2)+• • • + fe2/N“-2/N--2x^+2) 

= {Xlyl+X2y2^ -I-o^nI/n) - (2/i+2/2H-h2/x) 

~2(xi+X2- [’X^)+2N 

In the next three illustrations the limits of summation are 
understood to be from 1 to N. The letters x, 2 /, 2 , w are un¬ 
derstood to represent variables, changing from term to term 
in the summation because they vary from individual to 
individual. All other letters are understood to represent 
constants, which do not change from one individual to an¬ 
other but are the same for all members of the group being 
studied. 

(5) S(x—a2/)^ = 2(x^—2ax2/+aV) = (x\—2axiyi+a^y\) 

+ {xl - 2ax22/2+aVD H-h (4 - 2ax^y^+aYi,) 

= (xi+X2+‘ • •+XN)-2a(xi2/i+X22/2+* • • 

+a:N2/N) +(iKyl+yh -1-2/D 

(6) 2:(w+1) = (wi+1)+(w2+1) + (w3+1)-\ -h(ii^N+l) 

= Wi+W2'] - 

( 7 ) 2 a(x—c2) = a(xi--c2:i)+a(x2-"C22)+* • •+u(xj^--xzjj) 

= axi+ax2+‘ • •+ax^—aczi — acz2— • • •'-acZjf 
= a(xi+X2H- x^)-ac{zi+Z2-\ - 


Exercise 29 

Expand the following summations and group the resulting terms 
into groups of similar terms, as in the preceding illustrations. When 
no limits are indicated it is assumed that the summation extends 
from 1 to iV and that x, 2/, z, and w are variables and all other letters 
constants. 
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f “4 

2. 'Eax 

3. 'Z(w+c) 
t=7 

4. 2) 

6. 23(2+a) 


t-9 

6 . 2) ( 2 .— 

»-8 

7. a)2 

t=12 

8 . 

1=9 

9 . X(x—hwy 
10. 2(a:--Cx)(2/-Cy) 


Language. A mathematician might speak of Sx as 
Sigma X ”, but a statistician would ordinarily say ^‘Summa¬ 
tion X ”, or “ The sum of the x’s ”. The statistician is hkely to 
avoid calling the summation sign by its Greek name because 
he also makes continual use of the small Greek sigma, or, in 
a very different connection, and to call them both “sigma” 
would be highly confusing. When a statistician says “sigma 
x” he usually means Cx and not Sx. 

The terms immediately following a summation sign are 
under its influence, while those preceding it are outside its 
influence. Thus in the expression aS(x+ 2 /), x and y are 
“under” the summation sign while a is “outside” the sign. 

Rules for Summation. Certain patterns in these ex¬ 
pansions should now be apparent. Reference to the 
seven illustrations on pages 148 and 149 shows that they 
might be written thus: 


1. S(x2+/c) = Sx2+iVA; 

2. Xaxy=a'Exy 

3. Z(x+a)^= S(x2+2ax+a^) = 2x^+2aSx+iV’a* 

4. S(x—1)(^—2) = 'E{xy—2x—y+2) = Sxt/— 2Sx-- Sz/+2iV 

5. S(x—a2/)2 = S(x2—2axy+ay) = Sx*—2aSx2/+a^2J2/^ 

6 . xlw+i) = i:w+N 

7. Sa(x—ce) = S(ax—ac 2 :)=aSx—acS 2 

A careful study of these illustrations and of Exercise 29 
suggests the following rules: 
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1. The summation of a polynomial may he obtained by 
summing the terms separately. 2(a;+2/+2) = 

2. The summation of a variable times a constant may be 
obtained by multiplying the constant by the summation of 
the variable. 2ax = a2a; but not xXa. 

3. The summation for N terms of a constant is N times that 
constant. I,a = Na. 

4. The summation of the product of two variables is not 
equal to the product of one variable and the summation of 
the other. 


Exercise 30 


Apply the rules for summation to change the form of the following 
expressions, assuming x, x'y y, and w to represent variables and all 
other letters to represent constants. 


1. 2(:r+2y+l) 

2. S(a;-c)(?/-c) 

3. 2(a;~a)2 

4. 2a(a;—ay) 

6. 2(x—dic)- 
6. 2(a;—c)'* 


7. 2(x'—x+a) 

8. '2>w{y-‘b)^ 

9. 2a 

10. 2(iy+c) 

11. 2a^ 

12. 2a(a; —1) 


A Different Use of Subscripts. In the early portions of 
this chapter we have used subscripts to distinguish among 
the N members of a group. This was a device which helped 
the thinking of persons unaccustomed to summation. In 
Exercise 30 however you have thrown away this crutch and 
are now thinking easily without the necessity of expanding 
your summations into polynomials in which subscripts serve 
to distinguish the various terms. Now we are about to use 
subscripts for a slightly different purpose. Instead of using 
Hy Wy and A to stand for the height, weight, and age of a 
child, we might use Zh, and Z^, or we might use 
X'y X"y and X'" as the names of these three variables, or 
Zi, Z 2 , and Z 3 . The latter form has much to recommend it, 
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particularly in complicated formulas dealing with many 
variables. For example, suppose 

SXi 


Af 2 =-^=mean weight of the group 


Xi=Height Then Mi = -ji^=mean height of the group 
X 2 =Weight 

Xz=A.ge age of the group 

-^=standard deviation of height 
t—y standard deviation of weight 
-^=standard deviation of age 


<ri = 


(r2 = 


< 7-3 = 



Derivation of Statistical Formulas. Most of the important 
formulas of statistics are obtained through some process of 
summation. The process of derivation may be entirely clear 
to a mathematician who has no idea what the symbols stand 
for or how the formulas should be used when obtained. Some 
of the simpler formulas will now be derived as an exercise 
in algebraic summation. It is not expected that the symbols 
used shall have any concrete meaning for the student or 
that he shall understand the statistical concepts back of 
these expressions, but merely that he shall follow through 
the process as an exercise in algebra. In the examples which 
follow, the use of the formula has been suggested merely for 
convenience of reference in case someone who has studied 
statistical method wishes to look up a derivation here. The 
person studying this material before he has had a course in 
statistical method need pay no attention to these state¬ 
ments concerning the nature of the formulas. 
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In the chapter on Symbolism in Statistics these relations 
were used: 





x[=^Xi+Ci 


2 xi =0 



We will now make use of the further definitions: 


^X\X^ XXiX2 

ri2 = r2i 


When only one variable occurs in a problem, subscripts may 
be omitted. Similar definitions will of course hold for other 
subscripts, as 


SX2X3 l^XiXb 

—-r23(rj<r3, 


2 x 3 = AT 0 - 3 , etc. 


In the derivation of statistical formulas on pages 154 to 158 as 
well as in Exercise 31 it is to be understood that x and X, 
either with or without a subscript, represent variables, while 
all other letters represent constants. 


Exercise 31 

Write an equivalent expression which might be substituted for 


each of the following: 

SX 2 2 X 2 X 3 

Sx,x, 


N 

N 

2 . SX, 

6 . SxJ 

9. 2 X 3 X 4 


6 . Scari 

10 . 2 x 1 X 4 

^■ir 

7. S5r, 

11 . 26x2 
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12. 

2axix, 

16. ^ 

18. 

N (T% 

13. Haxt 

16 — 

19. iSr-’xl 

N a% 

14. j^Sri2a:i 

2ri,ZiX2 

17. jv 

20. -^Srsi—XiXt 
O'2 


Examples of Deriving Statistical Formulas 


1 . To show that 


We have already made 
use of the relationship 
Summing this gives us 
But we know that 
Sx=0, therefore 
Solving this for c, gives 
us 


(This is the formula for the 
correction to be made to an 
assumed mean. See chapter 
on Statistical Symbolism.) 

x^ = x+c 

N 


2. To show that 



As before 

Squaring both sides, 
Summing, 

But Sx=0 

Dividing by N, 

Transposing 

Taking square root of 
both sides 


(This is the formula for com¬ 
puting (T from an assumed 
mean.) 

x'=x+c 

ix')^=x^+2cx+c^ 

2(x')^= 2x2+2cSx+iVc^ 
2(x')2 = Sx2+Arc2 

N 'r" 

NN 
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Since by definition 

a = /y therefore 

also. 

To show that 

(This is the “gross score” 

II 

1 

formula for computing «7.) 

By definition of sym¬ 
bols, 

x=X-M 

Squaring 

x^=X^-2MX+M^ 

Summing 

=SX2 - 2MSX +NM^ 

But 2X=VM 

Or 

^x^ =SZ** - 2NM^+NM^ 

N N 

Taking square root, 


Therefore 


1 / 

#To \ 2 


4 . To show that = 0 ^ 2(1 —r^a). (This is 


closely related to a formula 
known as the “standard error 
of estimate.”) 



First we must expand 
the square of the bi¬ 
nomial 
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Then we write the re¬ 
sult as the sum of three 
separate summations 

Then we make substi¬ 
tutions similar to those 
in Exercise 31 

And reduce the result 

And factoring, we have 


Sx? - ffi SxjXj 

N (Tz N 


^”23 ^ 


^2 


N 


= (Tl—2r2z^(r2zcr2(rz) 
(Tz 

= <Tl-ri,al 


6 . 


To show that— 2 x 1 X 2 =^Sa;[x 2 —CiC 2 (This is the numer¬ 
ator of a formula often used 
for computing the coefficient 
of correlation.) 


We have already as¬ 
sumed the relationship 
and 

Multiplying these two 
expressions and expand¬ 
ing the product, 
Summing, 


x[ =Xi + Ci 
X 2 =X2 + C2 
x[x2={Xi+Ci){X2 + C2) 

X[X 2 — ^ + C1X2 + C2X1 + C1C2 

2 xJx 2 = SX1X2 + C1ZX2 


But 2 x 2 = 0 and 2xi = 0, 
Dividing by N and 
transposing 


+ C22Xi+iV’CiC2 
2X1X2=2x1x2+ArciC2 

^2X1X2 = r^ 2 x!x 2 — C1C2 

N N 


6, To show that ^ 2 (x 3 —X 4 )*=< 7 |— 2 r 340 ’ 3 (r 4 +o'J (This is 

the square of what is called 
'Hhe standard error of a dif¬ 
ference''.) 
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isCxa - X 4 ) 2 =is(x| - 2X3X4+X*) 

_2:xf _ g2:x3X4 ■ Sxf 
A V A 

= al — 2r^i(TzaA+(Tl 


7. To show that 

~S(iCi Tiz —X3) (^2 /* 23 —^3) = ?*: 

Jy CTz <T3 


(This is part of the fonnula 
for a partial correlation co¬ 
efficient”.) 


^ 2 ^X 1 - ri3^X3^^X2 - 

=l2(x:X2- 


2a: 1 X 2 

'“IT" 




ri3—0:2X3-r23~x 1X3+ri3r23 
era (Ta 

(Tl 2 X 2 X 3 (72 2 X 1 X 3 

— ^23“:; 13^23' 


O’ lO’2 


<^17 

(Tiffs SX| 


ff3 


N 


ff3 


A 




= ri2fflff2 —Tis—(r23ff2ff3) ~r23—-(^13<^lff3)4'?'l3?'23—^((»|) 
ff3 ff3 

= 7'l2ff lff2 — ^13^23ff lO'2 — TiiTiza iffS'f’^’lS^’SSff iff 2 
= 0ri(r2r 12 — (Ti (72^13^23 
= (71(72(^12'—7* 13723 ) 

5. To show that -^^ 2 ( X 2 — 723 —X 3 VX 3 — 723 ^X 2 J 

N \ <r3 /\ <72 / 

= <72<7’37'23(^L““1) 

^S^X2—rss^Xs^^Xs—r23^X2^ 

=-i s{ X2X3 - - r 23 —a|+rj® 3 X 2 X 3 ) 

iV \ <73 (72 / 

C72 2x? <73 2xf , n 2X2X3 

'+723^- 


2X2X3 U2 ^*^3 

■> T 7*23 TkT 7*23 ^T- 

iV ff3 A ff2 iV 


A 
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— 7*230’2<^8’~^23—(<^3) ”“^23—(<^2) (^230^2<^3) 

(73 (72 

= r23 (72 <^3 “■ ^23 (72 (^3 “• ?"2 3 (?’2 (J'S+?"23 ^2 
==a2cr3r23(r23-l) 


Exercise 32 

Show that the following statements are correct. 

1. ri2—=0 

N \ (72 / 

2. is^X2-ri2pa;iy=(72(l-rj2) 

3. ^s(aJ2-r23—a-3)^=<72(l-r28) 

N \ (73 / 

4. ~Sa:i(xi+X2+a;8) =<Ti((Ti+rii(T2+rnaz) 

N 


Second Test 


1. Factor each of the following expressions into a monomial and a 
polynomial factor: 

(1) 2x\+2xl+2xl (7) cXi+cX2+cX3+cXi 

(2) ca;i2/i+ca;22/2+cx82/8 (8) Mia+Mib+MiC 


(3) aiX+a2X+azX 

(4) 10pg-5p+15p2 

(5) a^hi+a^b2+a’^bz+a%i 

(6) ri-rl 


(9) 

(10) (7!-(7!ii!L23 


(11) 

a a 


( 12 ) pqni+pqn2+pqnz 


2 . Assume that x and y represent variables, that all other letters 
represent constants, and that N is the number of terms to be 
added in each summation. Place a plus sign in front of each 
statement which you consider correct and a minus sign in front 
of each statement which you consider incorrect. 


(1) hax — dXx 

(2) llxy^xl^y 
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(3) Sa:2/=«/Sx 

(4) 'Zxy=Nxy 

(5) Sc=iVc 

(6) Soa: = a:2a 

(7) '2,ax^=Nx^ 

(8) Saa:^=aSx* 

(9) 222/= 22?/ 

(10) 2(3a:)(22/)=62x2/ 

(11) hx — Nx 

(12) Xr—xy = r—2xy 

<T 2 ^2 

(13) — 

■(14) S(x—^)^ = Sx^—2Sx?/+2?/^ 

■(15) S(x--l)=Sx-Ar 

■(16) 2(?y-M)=2?/-iVM 

■(17) Xiy-S)=Ny-ZN 

(18) SMx=iVMx 

■(19) Srx?=r2x5 

-( 20 ) 'liaxy—xZay 


3. In the following problems it is to be understood that x with any 
subscript whatever, or x without a subscript, represents a vari¬ 
able. Any other letter represents a parameter or constant. The 
following substitutions may be made: 


2x=0 

1 V 2 2 

^2x.=<.: 

iSxiX2=ri2a'i(7'2 = r2i<ri(r2 

N 


Similar substitutions may be made for other subscripts, as for 
example, ^ 2 x 2 X 3 = r 2 i(r 2 <Tz. Perform whatever algebraic manipu¬ 
lations and substitutions are necessary, and for each of the 
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following expressions, find an equivalent expression in which the 
letter x does not appear. 

(1) is(x+a)» 

(2) ^2(xi+xj)* 

( 3 ) 



XVII 

EXPONENTS 
Initial Test 


1 . Find the numerical value of each of the following: 


(1) 4» 

(11) (4-‘)^ 

(21) 4-‘-i-4®- 

(2) 4-1 

(12) (4-i)(4*) 

(22) 

(3) 4i 

(13) (4-»)(42) 

(23) V4* 

(4) 4-i 

(14) 4-2h-4-‘ 

(24) V4> 

(5) 4-1 

(15) 4»-l-4-‘ 

(25) V4-* 

(6) (4^)i 

(16) 4-f-4-* 

(26) 3-‘ 

(7) (-4)0 

(17) 4->-''5-^-4-'-« 

(27) 1* 

(8) (-4)-* 

(18) 4^•6-^4-<'•‘ 

(28) 3® 

(9) (-4)-^ 

(19) (44)-* 

(29) 16* 

(10) (-4)-’ 

(20) 4->-'‘-5-4* 

(30) 16® 


2 . Write each answer as 10 with an appropriate exponent. 

(1) 10^-103-23 (4) 

(2) VlO^-ie (5) \/10 

(3) lO'-1*4-^10^-86 (6) (10 «-i3)5 

Importance. An understanding of the use of exponents 

is essential to an understanding of logarithms and their use 
in computation. The person who intends to study the sec¬ 
tions of this book dealing with logarithms and the normal 
curve should master this present section. It is however 
possible to study most of the elementary texts in statistical 
method without needing logarithms, expanding the binomial 
theorem, or using the mathematical equation of the normal 
curve. The person who does not intend to study those topics 
can omit this work on exponents from his study. 

Exponent. In previous sections we have used the term ex- 
portent for a number written at the right and slightly above an- 
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other number to indicate a power. Thus a®==aXaXoXaXa, 
and 5 is the exponent of a. We have already, for conven¬ 
ience, used i as an exponent to indicate square root, but 
otherwise we have used only positive integers as exponents. 
Now we will extend that concept to include the use of neg¬ 
ative numbers, zero and fractions as exponents. 

Laws for Positive Integral Exponents. To make meaning¬ 
ful the laws for working with positive integral exponents, 
study first the specific exercise in the left hand portion of 
Table II, and then the symbolic rule at the right, which 
is in each case a generalization of the specific relation¬ 
ship. 

TABLE II 


Illustrations of the Laws for Positive Integral Exponents 


Specific Relationship 

Generalization 

a*Xa* = (oaa)(aa) = 

o*Xa* = (aa)(aaaa) = 


, aa/icuiaaaaa _ 

qIO ^qZ -- fllO-J == dl 

aaa 

. , aaaaa . „ . 

(X* -ra^ =-= a®-2=(is 

aa 

a”*-ro**=a”*~** 

(a®) 2 = (aaa) (aaa) = = a® 

(a*) * = {aa) {aa) {aa) {aa) {aa) = 


Volo —one of the two equal numbers whose prod¬ 
uct is a^®. j 

Now a^®=a* Xo®. Therefore — a® 

-C^o*® =one of the four equal factors whose prod¬ 
uct is Now 0 ^® = (a®) (a®) (a®) (a*^). There¬ 

fore '^a^=a'*"=a® 

-^ 0 ^ a one of the three equal factors whose prod¬ 
uct is a^^. Now a“ = (a^)(a’^)(a^). There¬ 
fore 

II 

'1 
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Extension of the Laws for Exponents. We will now assume 
that these same four laws hold no matter whether m and n 
are integers or fractions, positive, negative, or zero, and we 
will consider the meanings which may be attached to frac¬ 
tional and negative exponents in order to make them con¬ 
sistent with these rules. In Table III is a series of exercises 

TABLE III 

Illustrations op the Meaning of Negative, Fractional, and 
Zero Exponents 


Solution by Methods Already 

Application of the 

Resulting 

Known 

Rules for Exponents 

Definition 

, . , aa 1 

a^-^a^ = o^~3=a“^ 

a-i=- 

aaa a 


a 

, - aaa 1 

a*-^a^— - 

a3-ra®=o3~®=a”* 


aaaaa a* 


a* 

3^38=1=1 

3-f-3«=3i-«=3-‘ 

3--i 

3® 3® 

32^32 = 9-^9 = l 

32-^32 = 32 - 2 = 3 ® 

3® = 1 

16-rl6 = l 

16-^16 = 2^-7-24 = 2^-^ = 2® 

2® = 1 

12^-^123 = 1 

123^123 = 123-3=12® 

12®= 1 

One of the 3 equal factors whose 



product is a is ^a 

• aA • ^ = a 

o^= -^0 

One of the 2 equal factors whose 


product is 5 is \/5 

5i.54=5T+i=5 

5i=VS 

One of the 7 equal factors whose 


product is a* is 

(o^)’'=o^=o‘ 

4 ty-S 

36-7-216 = 

62 -!- 6 >= 

aJ = 

2®-^28 = 

104-M04=: 

7-i-73 = 

2 ‘h-2 »= 


One of the 5 equal factors whose 
product is 10 



One of the 3 equal factors whose 
product is 25 



One of the 2 equal factors whose 
product is 27 
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designed to show how such exponents must be defined if 
these rules are to be made general. The first column shows 
the solution of an exercise by methods already understood 
and known to be valid. The second column shows a solution 
arrived at solely by the application of the four rules.. The 
last column sets these two results equal to each other. Thus 

the first row of the table suggests that if we define as 

the result of dividing by will be consistent whether we 
get it by applying the rules for exponents or by dividing 
both terms of a fraction by the same number. Study each 
of the relationships which is given here in complete form, 
then fill out the blank portions of the table in similar fashion. 

Zero and Negative Exponents. From the foregoing, it 
appears reasonable to agree that any finite number raised to 
the zero power is equal to 1. At first thought it is surprising 
that 452^ = 3®=17® = 1296°, etc., but on second thought it is 
apparent that 

452^3 17_1296__ 
452"'3”17"‘1296“"^‘ 

It also appears reasonable to define a"^ as equal to ~ To 

give still further meaning to these definitions, study the 
following: 


11 

2* =16 

3< =81 

a* = 1 • a • a • a 

2» =8 

3» =27 

a* = 1 • a • a 

2* =4 

3* =9 

= 1 • a 

- 21 =2 

31 =3 

o 

II 

2» =1 

3® =1 

a-‘=l-f-a 

2-‘=i 

3-i=i 

<f*=l^(a • o) 

2-*=i 

3-®=i 

cr*=l-i-(a -a - a) 

2-»=i 


a~*=l-h(a • a - a - a) 

2-‘=* 

3-‘=* 
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Fractional Exponents. In the same way it is obvious 

m _ 

that we can accept a « as an alternative way of writing v^j 
because this definition is consistent with the outcome of 
applying the rules for exponents. 


Exercise 33 


1 . Write an alternative form equivalent to each of the following: 
(1) r-3 (5) 


(2) ai 

©“ 

(3) 5“ 


(4) c-^ 

(8) Vn® 


(9) 4= 

Va 


<‘»>p 

<»' & 

(11) </a<- 

(15) 

(12) 5 

(16) 


2. In the first column below is a list of exercises. In the second col¬ 
umn is the solution which results from substituting immediately 

such equivalent forms as for , 1 for a®, or — for a In 

the third column is the solution which results from applying the 
four laws of exponents. 

Verify the procedure by ascertaining that the results in col¬ 
umn 2 are equivalent to those in column 3. 


Exercise 

Suhstitulion of 
Equivalent Forms 

Application of Laws 


11 a® , 
a’ a® a® ^ 

a-s-(-6) = a-3+6=a* 


X* • X® 

3,-6+2+8=sx0 

(4i). 

2«-64 

II 

(25-»)i 


25-1=25-1=1 

(8»)i 

64i = -^64=4 

8t=.2‘=4 


a*-r“=a* • a=a* 
a 

a*-(-»)=a‘ 
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3 . Find the numerical values of the expressions shown below 


Example 1. 

25-t=^=—=— 

25i (5)» 125 


Example 2. 


=4 

(1) 64f 

(6) 25-i 

(11) 49i 

(2) 400i 

(7) (i)-* 

(12) 125§ 

(3) 400-i 

(8) (i)-* 

(13) (i)-i 

(4) 75" 

(9) (i)-» 

(14) (5-‘)2 

(5) 27i 

(10) 

(15) (3-2)^ 


4 . Write the answers to the following exercises as 10 with the ap¬ 
propriate exponent. 

Example 1. VlO^ 

103.48 

Example 2. 1^2 =10^-®^ 

Example 3. = 

IQ-(2.14) (1.3) = lQ-2.782 


(1) (10«-«)’ 

(9) 

(2) VlO ’* 

(10) ^ 

(3) lOi-^^XlO^-^^lO*-” 

(11) Vm 

(4) -.5^101^ ^10^-«» 

(12) VtV 

(5) (10i-“)2-4-(10»-'’)’ 

(13) 

(6) (10‘-«)>-^ 

(14) 

(7) 102-«-h^TD^ 

(15) -yw> 

(8) VW 

Find the numerical values of the expressions shown below. 

Caution: In the chapter 

on Signed Numbers we learned that 


odd powers of negative numbers are negative, even powers of 
negative numbers are positive. Consequently a negative number 
raised to powers of —1, —3, —5, —7, etc., will be negative, and 
a negative number raised to powers of —2, —4, —6, ~8, etc., 
will be positive. 

(1) (-2)-i (4) (-8)i 

(2) (-4)-* (5) (-l)-‘ 

(3) (-!)> (6) (-6)-* 


(7) (-3)-‘ 

(8) (-3)-» 

(9) (-8)-i 
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Second Test 

1 . Find the numerical value of each of the following: 


(1) 90 

(11) 

(21) (90)i 

(2) 9i 

(12) V9« 

(22) (-9)-‘ 

(3) 9-1 

(13) P 

(23) (-9)-» 

(4) (-9)0 

(14) 50 

(24) (^)-i 

(5) (-9)-o 

(15) VF5 

(25) (9-1)1 

(6) (9->)(9o) 

(16) 64l 

(26) (9-1) ( 91 ) 

(7) 9-oh-9-< 

(17) 2-* 

(27) 3o-f-3-i 

(8) 9H-9-1 

(18) -^yw 

(28) 9-i-io-i-9-‘-*» 

(9) 9-'-Oh-9 

(19) 9-1 

(29) (9i)-i 

(10) 92- 54 - 90 -® 

(20) 9-1 

(30) 9 - 1 - 4 - 90-0 

Write each answer as 10 with the appropriate exponent. 

(1) 103-95X102-17 4- 

101-10 (4) 


(2) VlOo o* 

(5) </i6 


(3) IOo-ooh-VIQo-o- 

(6) (100-") 

-t 
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LOGARITHMS 
Initial Test 

The table of mantissas on pages 174 and 175 is to be used 
for the following computations. 

1 . ^4362 
685X473 
■ (321)* 

3. (1.072)6 

4. 0.029-1.354 
6 . V14.35^371^6 

6 . Find the geometric mean of 2.41, 2.68, 2.39, 2.12, and 2.53. 

Importance. A statistical computer who has access to 
computing machines and computing tables is not likely to 
make extensive use of logarithms, and if one had to choose 
between learning to operate a machine and learning to use 
a table of logarithms, the former would doubtless be more 
valuable. A great advantage of machine computation is 
that it can be used for all operations, whereas logarithms 
can be used only in multiplication, division, and the ex¬ 
traction of roots. However logarithms are of interest to the 
statistician in several ways besides that of being an aid in 
routine calculations. They are the basis for the slide rule, 
for logarithmic graph paper, and for various alignment 
charts used in graphic computation. Their use in connection 
with computing the geometric mean and in plotting the 
‘‘normal curve of error” is important for the statistician. 

This section may be omitted by those who want only the 
minimum of work necessary for the most elementary courses 
in statistics. 
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Computir^ by Means of a Table 
of Powers. The adjacent table of 
powers of the number 2 can be used 
to facilitate certain computations. 
For example, 

512 X 256 = 2»X2«=2" = 131072 
\/262144 = =2»=512 

(0.0078125) (16384) = 

(2-7)(2»‘)=2’=128 
2048^(0.03125) = 

2ii^2-5=2‘«=65536 
(32)» = (2«)»=2‘5=32768 
Logarithm of a Number. In the 
statement 2i* = 2048, we say that 
11 is the exponent of 2 or that II is 
the logarithm of 2048 to the base 2. 
This statement is written 
logs 2048 = 11. 

Obviously a logarithm is an exponent. 

Read in words, and verify from 
the table: 

log2 65536 = 16 
log* 0.015625=-6 
log* 1=0 
log* 131072 = 17 
log* 128=7 


TABLE IV 


Powers of 2 


220 «; 

L048576 

212 - 

524288 

2“ = 

262144 

217 

131072 

2« = 

65536 

= 

32768 

214 

16384 

213 

8192 

212 

4096 

211 ^ 

2048 

210 _ 

1024 

2® = 

512 

28 = 

256 

27 = 

128 

26 = 

64 

26 == 

32 

24 = 

16 

23 = 

8 

22 = 

4 

21 = 

2 

20 == 

1 

2-1 = 

0.5 

2-2 = 

0.25 

2-3 = 

0.125 

2-4 = 

0.0625 

2-6 = 

0.03125 

2^ = 

0.015625 

2-7 = 

0.0078125 

2-8 = 

0.00390625 

2-0 * 

0.001953125 

2-10 = 

0.0009765625 


Exercise 34 


1 . (1) log, 256 = (3) log, 0.0625 = 

(2) log, 0.25= (4) log, 0.0078125= 

2. Read answers from the table of powers of 2. 

(1) 1048576-1-65536= 

(2) 4096-4-0.03125= 

(3) a}^262144 = 
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(4) (16)‘= 

(0.0625) (32768) (0.00390625) 

®- m - 

( 6 ) ( 512)2 = 

(7) V0.015625 = 

(8) -^0.015625 = 

3 . Fill the blank spaces with appropriate words. 

(1) In multiplying two numbers with the same base, we- 

their logarithms. 

(2) In dividing one number by a second number with the same 

base, we-the logarithm of the second number 

-the logarithm of the first 

(3) In taking the cube root of a number we - its 

logarithm-. 

(4) In taking the fifth root of a number we - its 

logarithm-. 

(5) In squaring a number we-its logarithm- 

(6) In raising a number to the nth power, we-its 

logarithm-. 

(7) In taking the nth root of a number, we - its 

logarithm-. 

Table of Powers of Ten, It is evident that tables of 
logarithms of numbers can be made up for any base, just 
as Table IV on page 169 was made for the base 2. However, 
since our number system has the base 10, multiplication and 
division by powers of 10 are particularly easy, and therefore 
it is more convenient to use a table of logarithms with the 
base 10 for ordinary computations. We will now make up a 
small table of powers of 10 from which we can discover the 
general plan of computation with logarithms. 

The values inserted in Table V may be found thus: 
lO^-s =>/i0 = 3.162 
100.26 ==VIo^ 5=.^/3302== 1.778 
IQo. 126 == .^/Xo06=Vi^=1.333 
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All other values in Table V can be found from these, for ex¬ 
ample: 

IQo-n =(lO»-5)(lOo-26) = 5.623 
100.376 == y'lO^ = = 2.371 

100.876 == = VMM = 7.499 


TABLE V 
Powers of 10 


100-000 = 1.000 

IQl.OOO 

= 10.00 

102.000 =100.0 

lO^-ooo =1000 

100.126^1,333 

101.126 

= 13.33 

102.126=133,3 

103.125=1333 

100-260 = 1.778 

101.260 

= 17.78 

102.260 = 177,8 

10'3.250 = 1778 

100-376 = 2.371 

101.376 

= 23.71 

102.375 = 237.1 

103-376 = 2371 

10o«o=3.i62 

101.600 

= 31.62 

102.600 = 316.2 

103.600 = 3162 

100-626 = 4.217 

101.626 

= 42.17 

102.625 = 421.7 

103.625 = 42 1 7 

100-760 = 5.623 

101.750 

= 56.23 

102.750 = 562.3 

103.760 = 5623 

100.876 = 7,499 

101.876 

= 74.99 

102.876 = 749,9 

103.876 = 7499 


Exercise 35 

By aid of the table of powers of 10, perform the following opera¬ 
tions: 


1. 1.333X316.2 

2. 3.162X17.78X4.217 

3. (2.371)5 

4. v'^623 

^ 2371X13.33 
'■ 421.7 


6. (56.23)^-^(23.71)^ 

7. Ayi333 

g 7.499X177.8 
(2..371)2 
9. 5.623 

10. VT778-^Vin6:2 


Writing a Number in “Standard Form". Any number 
may be considered to be the product of some integral power 
of ten, either positive or negative, and a number whose value 
is between 1 and 10. This form is particularly useful in 
astronomy, where large numbers are used. Thus 
623 = 6.23(102) 

4100=4.1(102) 

0.00017=1.7(10-') 

65100000 = 6.51(102) 

0.3692 = 3.692(10-') 
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Mantissa and Characteristic. From the table of powers 
of 10, we see that each logarithm is made up of two parts, 
an integer and a decimal fraction. The integer is called the 
characteristic of the logarithm, the decimal fraction is called 
the mantissa. Notice that all the logarithms in any one hori¬ 
zontal row of Table V have the same mantissa. In what 
way are the corresponding numbers alike? Notice that all 
the logarithms in any one vertical column have the same 
characteristic. In what way are the numbers in one colunm 
alike? 

It is obvious that the characteristic determines the position 
of the decimal point and has nothing to do with the sequence 
of digits, while the mantissa determines the sequence of 
digits and has nothing to do with the position of the decimal 
point. We may write down the figures in one horizontal row, 
extending the series in both directions, thus: 


JQ6.750 -- 

5623000 

o 

s 

II 

562300 

o 

s 

II 

56230 

j^Q3.760 == 

5623 

102.760 == 

562.3 

101.760 == 

56.23 

JQ0.760 — 

5.623 

100.760-1 — 

0.5623 

00*760-2^ 

0.05623 

100.760-3 — 

0.005623 

100.760-4 — 

0.0005623 


Rules for Size of Characteristic. The preceding table sug¬ 
gests these rules: 

When a number is larger than 1, its characteristic is one 
less than the number of digits to the left of the decimal 
point in the number. When a number is smaller than 1, its 
characteristic is negative and is numerically one more than 
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the number of zeros between the decimal point and the first 
significant digit in the number. 

Since the negative sign applies to the characteristic only, 
and not to the mantissa, it is usually written directly over 
the characteristic, thus: 

Log 0.05623 =2.750 

Log 0.00005623 = 5.750 


Exercise 36 


1 . What is the characteristic of the logarithm of each of these 
numbers? 


(1) 5327 

(2) 490.16 

(3) 0.000013 

(4) 5.1002 

(5) 62139.4 


(6) 12.06 

(7) 3.09 

(8) 1.03 

(9) 9.16 
(10) 91.6 


(11) 0.0037 

(12) 0.34 

(13) 0.00004 

(14) 4.0003 

(15) 51.31 


2 . Rewrite each of the numbers in the preceding exercise in ‘^stand¬ 
ard form 


3 . What is the relationship between the characteristics of the 
logarithms of these numbers as found in Exercise 1 and the 
exponents, of 10 as found in Exercise 2? 


Table of Mantissas. Since the characteristics of the 
logarithms of numbers can be found by inspection, the tables 
need furnish only the mantissas and the sequence of digits 
in the corresponding numbers. Such a table is found on 
pages 174 and 175. Here the mantissas are in the body of 
the table, and the numbers are in the margins. To find 
the mantissa of the logarithm of 426 we look for 42 in the 
left hand vertical column headed N and for 6 in the hori¬ 
zontal row across the top of the table. The mantissa we 
seek is in the cell of the table corresponding to these two 
entries, that is it is in the column headed 6 and in 
the row to the right of 42. This mantissa is 6294. There¬ 
fore logio 426=2.6294, or 102 «294==426. 
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TABLE VI 


Mantissas 


N 

WM 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Bi 

0000 

0043 

0086 

0128 

0170 

0212 

0253 

0294 

0334 

0374 


0414 

0453 

0492 

0531 

0569 

0607 

0645 

0682 

0719 

0755 


0792 

0828 

0864 

0899 

0934 

0969 

1004 

1038 

1072 

1106 

■9 

1139 

1173 

1206 

1239 

1271 

1303 

1335 

1367 

1399 

1430 

14 

1461 

1492 

1523 

1553 

1584 

1614 

1644 

1673 

1703 

1732 

16 

1761 

1790 

1818 

1847 

1875 

1903 

1931 

1959 

1987 

2014 

16 

2041 

2068 

2095 

2122 

2148 

2175 

2201 

2227 

2253 

2279 

17 

2304 

2330 

2355 

2380 

2405 

2430 

2455 

2480 

2504 

2529 

18 

2553 

2577 

2601 

2625 

2648 

2672 

2695 

2718 

2742 

2765 

19 

2788 

2810 

2833 

2856 

2878 

2900 

2923 

2945 

2967 

2989 

20 

3010 

3032 

3054 

3075 

3096 

3118 

3139 

3160 

3181 

3201 

21 

3222 

3243 

3263 

3284 

3304 

3324 

3345 

3365 

3385 

3404 

22 

3424 

3444 

3464 

3483 

3502 

3522 

3541 

3560 

3579 

3598 

23 

3617 

3636 

3655 

3674 

3692 

3711 

3729 

3747 

3766 

3784 

24 

3802 

3820 

3838 

3856 

3874 

3892 

3909 

3927 

3945 

3962 

25 

3979 

3997 

4014 

4031 

4048 

4065 

4082 

4099 

4116 

4133 

26 

4150 

4166 

4183 

4200 

4216 

4232 

4249 

4265 

4281 

4298 

27 

4314 

4330 

4346 

4362 

4378 

4393 

4409 

4425 

4440 

4456 

28 

4472 

4487 

4502 

4518 

4533 

4548 

4564 

4579 

4594 

4609 

29 

4624 

4639 

4654 

4669 

4683 

4698 

4713 

4728 

4742 

4757 

30 

4771 

4786 

4800 

4814 

4829 

4843 

4857 

4871 

4886 

4900 

31 

4914 

4928 

4942 

4955 

4969 

4983 

4997 

5011 

5024 

5038 

32 

5051 

5065 

5079 

5092 

5105 

5119 

5132 

5145 

5159 

5172 

33 

5185 

5198 

5211 

5224 

5237 

5250 

5263 

5276 

5289 

5302 

34 

5315 

5328 

5340 

5353 

5366 

5378 

5391 

5403 

5416 

5428 

35 

5441 

5453 

5465 

5478 

5490 

5502 

5514 

5527 

5539 

5551 

36 

5563 

5575 

5587 

5599 

5611 

5623 

5635 

5647 

5658 

5670 

37 

5682 

5694 

5705 

5717 

5729 

5740 

5752 

5763 

5775 

5786 

38 

5798 

5809 

5821 

5832 

5843 

5855 

5866 

5877 

5888 

5899 

39 

5911 

5922 

5933 

5944 

5955 

5966 

5977 

5988 

5999 

6010 

40 

6021 

6031 

6042 

6053 

6064 

6075 

6085 

6096 

6107 

6117 

41 

6128 

6138 

6149 

6160 

6170 

6180 

6191 

6201 

6212 

6222 

42 

6232 

6243 

6253 

6263 

6274 

6284 

6294 

6304 

6314 

6325 

43 

6335 

6345 

6355 

6365 

6375 

6385 

6395 

6405 

6415 

6425 

44 

6435 

6444 

6454 

6464 

6474 

6484 

6493 

6503 

6513 

6522 

45 

6532 

6542 

6551 

6561 

6571 

6580 

6590 

6599 

6609 

6618 

46 

6628 

6637 

6646 

6656 

6665 

6675 

6684 

6693 

6702 

6712 

47 

6721 

6730 

6739 

6749 

6758 

6767 

6776 

6785 

6794 

6803 

48 

6812 

6821 

6830 

6839 

6848 

6857 

6866 

6875 

6884 

6893 

49 

6902 

6911 

6920 

6928 

6937 

6946 

6955 

6964 

6972 

6981 

50 

6990 

6998 

7007 

7016 

7024 

7033 

7042 

7050 

7059 

7067 

61 

7076 

7084 

7093 

7101 

7110 

7118 

7126 

7135 

7143 

7152 

62 

7160 

7168 

7177 

7185 

7193 

7202 

7210 

7218 

7226 

7235 

63 

7243 

7251 

7259 

7267 

7275 

7284 

7292 

7300 

7308 

7316 

64 

7324 

7332 

7340 

7348 

7356 

7364 

7372 

7380 

7388 

7396 
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TABLE VI (Continue) 


Mantissas 


N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

56 

7404 

7412 

7419 

7427 

7435 

7443 

7451 

7459 

7466 

7474 

66 

7482 

7490 

7497 

7505 

7513 

7520 

7528 

7536 

7543 

7551 

67 

7659 

7566 

7574 

7582 

7589 

7597 

7604 

7612 

7619 

7627 

68 

7634 

7642 

7649 

7657 

7664 

7672 

7679 

7686 

7694 

7701 

69 

7709 

7716 

7723 

7731 

7738 

7745 

7752 

7760 

7767 

7774 

60 

7782 

7789 

7796 

7803 

7810 

7818 

7825 

7832 

7839 

7846 

61 

7853 

7860 

7868 

7875 

7882 

7889 

7896 

7903 

7910 

7917 

62 

7924 

7931 

7938 

7945 

7952 

7959 

7966 

7973 

7980 

7987 

63 

7093 

8000 

8007 

8014 

8021 

8028 

8035 

8041 

8048 

8055 

64 

8062 

8069 

8075 

8082 

8089 

8096 

8102 

8109 

8116 

8122 

65 

8129 

8136 

8142 

8149 

8156 

8162 

8169 

8176 

8182 

8189 

66 

8195 

8202 

8209 

8215 

8222 

8228 

8235 

8241 

8248 

8254 

67 

8261 

8267 

8274 

8280 

8287 

8293 

8299 

8306 

8312 

8319 

68 

8325 

8331 

8338 

8344 

8351 

8357 

8363 

a370 

8376 

8382 

69 

8388 

8395 

8401 

8407 

8414 

8420 

8426 

8432 

8439 

8445 

70 

8451 

8457 

8463 

8470 

8476 

8482 

8488 

8494 

8500 

8506 

71 

8513 

8519 

8525 

8531 

8537 

8543 

8549 

8555 

8561 

8567 

72 

8573 

8579 

8585 

8591 

8597 

8603 

8609 

8615 

8621 

8627 

73 

8633 

8639 

8645 

8651 

8657 

8663 

8669 

8675 

8681 

8686 

74 

8692 

8698 

8704 

8710 

8716 

8722 

8727 

8733 

8739 

8745 

76 

8751 

8756 

8762 

8768 

8774 

8779 

8785 

8791 

8797 

8802 

76 

8808 

8814 

8820 

8825 

8831 

8837 

8842 

8848 

8854 

8859 

77 

8865 

8871 

8876 

8882 

8887 

8893 

8899 

8904 

8910 

8915 

78 

8921 

8927 

8932 

8938 

8943 

8949 

8954 

8960 

8965 

8971 

79 

8976 

8982 

8987 

8993 

8998 

9004 

9009 

9015 

9020 

9025 

80 

9031 

9036 

9042 

9047 

9053 

9058 

9063 

9069 

9074 

9079 

81 

9085 

9090 

9096 

9101 

9106 

9112 

9117 

9122 

9128 

9133 

82 

9138 

9143 

9149 

9154 

9159 

9165 

9170 

9175 

9180 

9186 

83 

9191 

9196 

9201 

9206 

9212 

9217 

9222 

9227 

9232 

9238 

84 

9243 

9248 

9253 

9258 

9263 

9269 

9274 

9279 

9284 

9289 

85 

9294 

9299 

9304 

9309 

9315 

9320 

9325 

9330 

9335 

9340 

86 

9345 

9350 

9355 

9360 

9365 

9370 

9375 

9380 

9385 

9390 

87 

9395 

9400 

9405 

9410 

9415 

9420 

9425 

9430 

9435 

9440 

88 

9445 

9450 

9455 

9460 

9465 

9469 

9474 

9479 

9484 

9489 

89 

9494 

9499 

9504 

9509 

9513 

9518 

9523 

9528 

9533 

9538 

90 

9542 

9547 

9552 

9557 

9562 

9566 

9571 

9576 

9581 

9586 

91 

9590 

9595 

9600 

9605 

9609 

9614 

9619 

9624 

9628 

9633 

92 

9638 

9643 

9647 

9652 

9657 

9661 

9666 

9671 

9675 

9680 

93 

9685 

9689 

9694 

9699 

9703 

9708 

9713 

9717 

9722 

9727 

94 

9731 

9736 

9741 

9745 

9750 

9754 

9759 

9763 

9768 

9773 

96 

9777 

9782 

9'786 

9791 

9795 

9800 

9805 

9809 

9814 

9818 

96 

9823 

9827 

9832 

9836 

9841 

9845 

9850 

9854 

9859 

9863 

97 

9868 

9872 

9877 

9881 

9886 

9890 

9894 

9899 

9903 

9908 

98 

9912 

9917 

9921 

9926 

9930 

9934 

9939 

9943 

9948 

9952 

99 

9956 

9961 

9965 

9969 

9974 

9978 

9983 

9987 

9991 

9996 
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Exercise 37 


1 . Verify the following from the table of mantissas: 


(1) 

logic 62.9 

= 1.7987 

(5) 

3.9299 = 

=log, 

0 8510 

(2) 

logic 0.531 

= 1.7251 

(6) 

0.9974 = 

= logi 

o9.94 

(3) 

logic 1300 

=3.1139 

(7) 

1.9101 = 

=logi 

,0 0.813 

(4) 

logic 70500 

=4.8482 

(8) 

2.2095= 

=logi 

0 0.0162 

What is the logarithm of 





(1) 

193 

(4) 

1.09 


(7) 

25.7 

(2) 

25000 

(5) 

0.004 


(8) 

3.68 

(3) 

0.016 

(6) 

20000 


(9) 

13.7 

What is the number whose 

logarithm is 



(1) 

0.6902 

(4) 

3.6010 


(7) 

1.9671 

(2) 

3.7388 

(5) 

0.8463 


(8) 

2.8388 

(3) 

1.1847 

(6) 

1.7427 


(9) 

2.7474 


Interpolation. The table of mantissas on pages 174 and 175 
gives the logarithm of every three-place number, and by 
hnear interpolation we may find the logarithms of four- 
place numbers to a very fair degree of accuracy. Linear in¬ 
terpolation is discussed on pages 28 to 30. 

Example 1. Find the logarithm of 9563. 

Mantissa of 956=9805 
“ “ 957=9809 

4 = A 

Mantissa of 9563 = 9805+(.3)(4) =9806.2 

Therefore logw 9563 = 3.9806, dropping digits be¬ 
yond the fourth decimal place in the mantissa. 

Example 2. What is the number whose logarithm is 

2.8908? 

.r8904= mantissa of 777 
6 18908= “ “ ? 

8910= “ “ 778 
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Since the given mantissa is i of the way from 
8904 to 8910, the required number must be ap¬ 
proximately I of the way from 777 to 778, or 
777.667. Since the characteristic is —2, the num¬ 
ber sought must be 0.07777, rounding off the 
result to four significant figures. 

Caution. Linear interpolation gives us only an approxi¬ 
mation to the correct value, and therefore it would not be 
permissible to write results with a false appearance of accu¬ 
racy. The number may be carried to one more place only. No 
additional places should be added to the mantissa. 

Exercise 38 

1 . Find the logarithms of 

(1) 8905 (4) 721300 (7) 3.792 

(2) 12.37 (5) 0.01146 (8) 4.681 

(3) 4.003 (6) 0.2354 (9) 173.4 

2 . Find the numbers whose logarithms are 

(1) 3.6254 (3) 1.8214 (5) 0.1422 

(2) 1.0391 (4) 2.6214 (6) 1.3618 

Computation by Means of Logarithms. The rules for 
computation with logarithms have been suggested in Ques¬ 
tion 3 of Exercise 34, and also in the rules for operations with 
exponents given in the preceding chapter. The rules for 
logarithmic computation are of course exactly the same as 
the rul6s for exponents. They will now be stated again in 
schematic form. 



Computation with Logarithms 


log A -flog B 
log A —log B 
n log A 
li__ . 
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The following illustrations have been chosen to call at¬ 
tention to certain points on which errors are sometimes made 
by the novice. 

Example 1. 6.803 X 0.04362 X 0.512=? 

log 6.803 = 0.8327 
log 0.04362 = 2.6397 
log 0.512 = 1.7093 
log product=T.1817 
Product=0.1520 
Example 2. -^0.1325 = ? 

log 0.1325=1.1222 

To take the cube root of a number we divide its 
logarithm by 3, but if we divide 1.1222 by 3 we 
shall have an awkward result. Consequently, 
we first change the log to 2.1222—^, so that 
when we divide by 3 the result will be 0.7074 — 1 
or 1.7074. The number whose logarithm is 
T.7074 is 0.5098, which is -^0.1325. 

Geometric Mean. The geometric mean of n numbers is 
the nth root of their product. This has certain important 
uses in computing mean rate of change in studies of prices, 
rate of growth, and the like. Logarithms are indispensable 
in computing the geometric mean. 

Example. Find the geometric mean of 112, 107, 119, 102, 
109. 

Geometric mean=(112 • 107 • 119 • 102 • 109)i 
log 112= 2.0492 
log 107 = 2.0294 
log 119 = 2.0755 
log 102 = 2.0086 
log 109= 2.0374 
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log of product=10.2001 
ilog of product = 2.0400 
Geometric mean= 109.6 


Exercise 39 


Perform the following computations by means of the table of 
mantissas on pages 174 and 175. 


1. (21.03)i 
„ 37.02X4.921 
^.3 

3 . ^923 

4. (0.0412)* 

6. {0.682}i 

52.34 

(0.631)* 


7. Find the geometric mean of 
54, 59, 51, 46, 62, 49, 57. 

8 . Find the geometric mean of 
0.123, 0.468, 0.097, 0.322. 

9 . (68.19)i 
(9.723X8.46)4 

■ t 0.041 J 


Second Test 


Perform the following computations by means of the table of 
mantissas on pages 174 and 175. 


1. >y2jm 

(725)(6304) 

(462)* 

3 . (0.0312)* 

4 . 0.0693 ^2.144 




(32.16)(L423) 


79.47 

Find the geometric mean of 
1.02, 0.98, 0.96, 1.07, 1.09, 
1 . 01 . 



SYMMETRY AND HOMOGENEITY OF 
ALGEBRAIC EXPRESSIONS 

Initial Test 


1 . Place a check mark in front of each homogeneous expression. 

- (1) x*—2xy+y^ 

- (2) ie‘-3x*+3x 

- (3) 

- (4) x'+x^* 

- (5) a:‘-x*4-l 

- (6) Sa:<+(Sa:*)2 

- (7) where Mo and Mi=^ 

- (8) M6 —M 4 where and M 4 ==“^ 

- (9) Ma-Mo where fi» and M4 = ^ 

_ Sx* 

-(10) fiia-fta where and Ma=-^ 


2 . Place a check mark in front of each expression symmetrical with 


respect to x and y. 

-(1) x*—2xy+y* 

-(2) x+3y 

-(3) x*+3xy+y*+10 

-(4) x^-y* 

-(5) 

X y 


-(6) Sx 2 /-(Sa;)(Sj/) 

(7\ 

^ 2crxcry 
“( 8 ) Tx%o'~'f'xyf'yv> 

-(9) aj—2r(rxory+(rJ 


8. A familiar statistical formula is 

<ri.„4 = (TiVl^rWl ~rf,72^/1 ->r?4.28 
Do not try to understand this formula, but using it as a model 
write the formula for <r 2 .a 46 . 
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4 . Consider that rn and (Ji are of zero order, 

ri2.8 and 0*1.2 are of first order, 

ri2.84 and 0*1.23 are of second order, 

ri2.346 and 0*1.234 are of third order, and so on. 

Place a check mark in front of each expression in which the r^s 
and o*^s are of the same order. 


“( 1 ) ^ 46.123 

"( 2 ) 7 * 24.31 


< 7 * 4.1238 

0 * 6.1234 

0 * 2.31 

0 * 4.31 


-( 3 ) c\{l-rl )(1 -rL ..)(1 


-( 4 ) 


7*46.21 ~~ 7*47. 2 17*67.21 
”^1 “7*47.21^/1 —7*67.21 


6. There are three variables designated as X4, Xs, and Xe. The 
formula — — is the formula for the correlation be- 

Vl—r66 

tween two of them when the influence of the third is eliminated. 
Without trying to understand what the formula means, decide 
which of the variables is unique. Which of the r^s is unique. 

6. The formula —relates to the variables Xi, X2, 

Vl-rL.jVl-rkj 

X3, and X4. Which two are treated symmetrically? 


.Importance. While texts in elementary statistics do not 
use the terms symmetry and homogeneity, the concepts un¬ 
derlying them are helpful in studying correlation, particu¬ 
larly partial correlation, and in studying what statisticians 
call the higher moments. The person who omits this section 
will probably never be aware of needing its help. The per¬ 
son who masters these easy concepts will enjoy a fuller com¬ 
prehension of many statistical formulas. This material is 
not needed at the beginning of a course in statistical method 
and may well be postponed until correlation is to be studied. 

Symmetry. When two variables enter into an expression 
on the same basis the expression is said to be symmetrical 
with respect to them. In such an expression, the two variables 
can be interchanged without affecting the expression. In 
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the expression a;*—tf we put x in place of y, and y 
in place of x we have y^—iyx+x^ which is exactly like the 
original except for order. We know that the order of factors 
does not affect a product and the order of addends does not 
affect a sum. Hence x*—4xy+?/* remains the same when x 
and y are interchanged, and is therefore symmetrical with 
respect to them. 

A familiar statistical formula is ?•«/= ■■ If we inter- 

change x and y this becomes 

Now xy—yx and therefore Sxt/=Syx. Consequently the 
right hand members of the two expressions are identical, 
and therefore we must agree that rx„=r„x. Thus we say 
that rx„ is a symmetrical function of x and y. 

Consider the expression r„.„= ■ ■ - . if we in- 

Vl—r?yVl — 

terchange x and y here we have ^=— —- !!! H 

V'l-rtxV'l-r?, 

is apparent that the right hand members of the two ex¬ 
pressions are not the same, and we must conclude that 
Txt.v aud Tyt.x have different meanings (whatever those 
meanings may be) and that neither of them is a symmetrical 
function of x and y. If however we interchange x and z, we 

have rtx.y=—r^===^^^^^==.. If we apply the statement in 

the previous paragraph that rx„=r„x, we would conclude 
that r„=r„, and that therefore an interchange of z and x 
in the formula leaves it the same as before. If we try to in¬ 
terchange z and y we will find the outcome somewhat similar 
to that of interchanging x and y. It thus appears that the 

expression r,. - is symmetrical with re* 

"v 1 “"Txy "v 1 —“7^ 
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spect to X and z and that ?/ is a unique variable. If instead of 
centering our attention upon the variables x, y, and 2 , we 
look at the r^s, we will see that r^y and r^y are treated in 
exactly the same fashion, so that the formula is symmetrical 
with respect to them. On the other hand r*, stands alone, 
being the unique r. 

The formula —■ relates to the four vari- 
1 ““ ^4.1 

ables Xi, X 2 , X 3 , and X 4 . Which of these variables are 
sjrmmetrically treated in it? Which are unique? Without 
any idea of what these symbols represent we can study the 
pattern of this formula and venture a guess as to the answer 
for this question. Later we will attempt to verify the result 
of this guess. First we observe that the number 1 is treated 
in a way that is different from the treatment of other num¬ 
bers, it always occurs after a period (whatever that may 
mean) and alone. Then we observe that r 24 .i and rsi.i 
receive the same treatment, that the formula is symmetrical 
with respect to them, while r 23 .i stands alone, is unique. But 
in r 23 .i the numbers 2 and 3 seem to be symmetrical unless 
order is important (we set that down as a question which 
needs an answer) and in the symmetrical r^s the variables 
2 and 3 seem to receive the same treatment. It looks as 
though we might say that r 23 .i is unique, r 24 .i and r 34 .i sym¬ 
metrical, that X 2 and X 3 are symmetrical, xi and X 4 unique. 

To verify this we may interchange the variables, but first 
it will be necessary to know something about how these 
subscripts are used. We will now state, arbitrarily, with 
no attempt at explanation, that the subscripts in front of 
the period are called primary subscripts, and those following 
the period secondary subscripts, and that the order of the 
primary subscripts may be changed without affecting the 
value of the r, and that the order of the secondary subscripts 
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may be changed without affecting the value of r. However 
if primary and secondary subscripts are exchanged, the 
value of r is affected. Thus ri2.s46=r*i.486=r2i.634, etc., 
but ri2.846 is not equal to ri8.426, or r62.i84 or r23.i46, etc. This 
will have to be accepted without proof. 

To verify our hypothesis that the formula is S3Tnmetrical 
with respect to Xi and X 3 , we will exchange 2 and 3 and ex¬ 
amine the result. We have now ^ — which 

^l-»24.1 

is the same as the original expression since r 2 z.\ is to 
be considered the same as r32.i. If we interchange any 
other pair of variables, we produce an expression which is 
not equal to the first one. Hence X 2 and Xz is the only pair 
of variables treated symmetrically here. 

Homogeneity. It is to be understood that x^^ x^y^ 7xy^, 
and \xyz is each a term of the third degree; that 6x*2/, 
bx^^j Zxyz^y and Ixyzw is each a term of the fourth degree; 
that X®, \x^y, %xyh^y 4x^y0, and 20 xyzwv is each a 

term of the fifth degree. A term in which no variable oc¬ 
curs, as 3 or 3a (if a is a constant) is a term of zero degree, 
because we may think of 3 as meaning 3x®, or 3y®, or even 
3x°y®2°. In general, the expression kx^y^z^w^ is of degree 
m+w+r+p if A; is a constant and x, y, z, and w are variables. 
When all the terms in a polynomial are of the same degree, 
that expression is said to be homogeneous. Verify the fact 
that the following expressions are homogeneous: 


y«4-2xy2-l-yx2 

•Ar(ic+J/+2) 

4 x6 _ x^y^+xyz^w^ 
3(x+y+2)^ 

^ x^+y^+g^ y 


(Each term is of third degree) 
(Each term is of first degree) 
(Each term is of sixth degree) 
(Each term in the expanded poly¬ 
nomial is of fourth degree) 

(Each term in the expanded poly¬ 
nomial is of sixth degree) 
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Moments. In statistical work, much use is made of such 
Sx» -Lx* , ... _ 

expressions as and the like. These expressions 


are called moments, and they are often designated by the 

23.2 2a;* 

small Greek letter n (mu). Thus M 2 =-^» 

in general The subscript indicates the degree of 

the terms which are to be added. Then /X 3 represents the 
sum of terms of the third degree. 

What does nl represent? Study the following: 

/*3=]^(a:i+a:|+a:3H-1-4)* 

* *-l-4+244+2x?a;|4- • * 

+2xjx?,-f- • -f 2a^_iX*) 


Since ^ and ^ are constants, they have no effect upon the 

degree of any term. Consequently we see that j4 represents 
a polynomial all of whose terms are of the sixth degree. 

Also /X6=“^ and represents a polynomial all of whose terms 

are of the sixth degree. Then Me— mI is a homogeneous ex¬ 
pression. 

Of what degree are the terms represented by m 2 M 8 ? Study 
the following: 

y^2 1 

m2 -1-4) 

Ms — jy ' *"^4) 

M2M8=^(4-t-4-f-' •^■4)(4+4^-' •-f-4) 

M2MS = j^(xJ-fx?X®-|-|-X?X®-t-xJ4-hX®-|-h4) 
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Therefore is seen to represent an expression in which 
every term is of fifth degree. Thus is a homogeneous 

expression. In general, then, we may say that 


Up represents a sum of terms of degree p, 

/t| represents a sum of terms of degree 2p, 
/tp represents a sum of terms of degree qp, 
PpHq represents a sum of terms of degree p+q, 

y/lip represents a sum of terms of degree ^ 


{/JTp represents a sum of terms of degree ■ 


— represents a sum of terms of degree p—q 

IXq 


Exercise 40 


Of what degree are the terms represented by each of the following 
expressions? 


1. M7 

* 2 . 

3. (Mj)’ 

4. iiifii 


6 . nl 

6. Vm4 

7. Vlh 

8. Vpi 


9. 13. PalM) 

1 A . i 

10 . 

11 . 16 - 

12. (mO’ 


Pure Number. Such an expression as ^ is of zero de- 

M2 

gree, and is consequently a pure number, uninfluenced by the 
units in which the variable may happen to be measured. Sev¬ 
eral such expressions are of great importance in statistical 
work. If we utilize this somewhat enlarged concept of the 
meaning of degree, we will accept the following conventions: 
SX 

Mean=-^- This is a first degree expression (see Chapter 
XIII for definition of sjmabols). 



This is a first degree expression 


Sxy is a second degree expression. 
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The concept of pure number, or of zero degree, gives 

meaning to many statistical formulas such as the following: 

1. has a second degree expression for its numer¬ 
ator and the product of two first degree expressions for 
its denominator. It is thus seen to be a pure number, 
the degree of its numerator and denominator being the 
same. This means that r^y is the same, no matter what 
units are used for x and y. 

2. (which is sometimes called the “coefficient of varia¬ 
tion’') has a first degree term in both numerator and 
denominator, and is therefore a pure number. 

3. 


VMean ^ number, since the degree of its 

numerator is not the same as the degree of its denominator. 


This formula has been suggested as a substitute for 

but commonly rejected because, not being a pure number, 
it is influenced by the unit in which the variable is meas¬ 
ured. 

2 

4. — is ^ pure number. Its numerator is a homogeneous 

expression representing fourth degree terms, and its 
denominator also represents fourth degree terms. This 
number is useful in measuring the peakedness of fre¬ 
quency curves. 

6. -| is an expression whose numerator and denominator 

each represent sixth degree terms, and it is consequently 
a pure number. This number is useful in measuring the 
skewness of frequency curves. 

Order of a Correlation Coefficient In statistical discus¬ 
sions of partial and multiple correlation, the concept of the 
order of a correlation coefficient is very useful. To clarify 
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the statistical concept would require a rather long non- 
mathematical discussion which would be inappropriate to 
the plan of this book. However the general concept is so 
closely related to that of degree, of homogeneity and sym¬ 
metry that it seems worth while to include it here, treating 
it in a fairly abstract manner, with no attempt to consider 
its practical significance. 

ri2 is a number which represents the correlation between 
Xi and X2 in general. 

ri2.3 is a number which represents the net correlation be¬ 
tween Xi and X2 when the influence of variation in Xs 
has been eliminated. 

ri2.34 is a number which represents the net correlation be¬ 
tween Xi and X2 when the influence of variation in Xs 
and X4, has been eliminated. 

^12.8466 ... n is a number which represents the net correla¬ 
tion between Xi and X2 when the influence of variation 
in Xs, X4, Xs, Xe, ••• Xn has been eliminated. 

(Ti is a measure of the total variation in xi, 

ai.2 is a measure of the variation in xi which is not asso¬ 
ciated with variation in X2- 

o’i.23 is a measure of the variation in xi which is not asso¬ 
ciated with variation in X2 and Xs- 

a’1.234 ... n is a measure of the variation in xi which is not 
associated with variation in X2, xs, X4, • • • Xn, 

The number of secondary subscripts, i.e., subscripts fol-’ 
lowing the period, gives the order of the correlation or the 
standard deviation. In a zero order correlation or standard 
deviation we have eliminated the influence of no other 
variables. For a first order correlation or standard deviation, 
we have eliminated the influence of one other variable. For 
a fifth order correlation or standard deviation, we have 
eliminated the influence of five other variables. 
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Rhythm and Pattern in Formulas. In the formulas for 
partial and multiple correlation and partial standard devia¬ 
tion there is a beautiful pattern and rhythm which can be 
appreciated and enjoyed by a person who is completely 
ignorant of their practical significance. The formula for 
a partial standard deviation of the fourth order is 

<^1.2346 = (TlVl-rfj Vl - rf3,2 Vl - rf4,23 Vl - r?5,j34. 

This can be extended to any number of variables. Note 
that the primary subscript in the left hand member, 1, occurs 
as a primary subscript in every term in the right hand 
member. There is one factor of the form Vl—for each 
secondary subscript in the left hand member. In the first 
of these radicals we have a zero order r, in the second a 
first order r, and so on. Each secondary subscript of the 
left hand member serves in its turn as a primary subscript 
of an r, and after it has thus served it appears as a secondary 
subscript in every subsequent r in the formula. 

Let us write the corresponding formula for as. 21456 , model¬ 
ing it on the formula for 0 - 1 . 2345 . First we set down 

C3 Vl-rl Vl-ri Vl-ri 

as the general pattern. Then we insert the numbers 2, 1, 4, 
5, and 6 successively as primary subscripts, 

ff3Vl-?4\/l-r^j Vl-r|4 Vl-r^5 Vl-r^g. 

Now to the r on the extreme right we annex 2,1,4, and 5 as sec¬ 
ondary subscripts. To ras we annex as secondary subscripts 
each primary subscript (except of course 3) occurring to its 
left, making it r 36 . 2 i 4 . Treating each r in this fashion gives 
us 

<rz. 21456 = _ 

^8^1 ””^32 ““^1.2 ““^6.214 *^1 ^6.2145* 
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Exercise 41 

1 . Of what order is each of the following; 

(1) rjt.i (6) <r,.u45, 

(2) ffi.M (7) Tii 

(3) ffi (8) (Ts.ii 

(4) r»4 (9) 

(5) r,4 .6412 (10) r54.i 

2 . Of what degree is each of the following: 


(1) 

Sxy^ 

(5)-f 

(8) Vxy 

(11) 

(2) 

(6) 

(9) {.xyY 


(3) 

^ ^ 24 

X^ 


(4) (xW 


(10)^ 

(12) 


Place a check in front of each of the following which is homo¬ 
geneous: 

- ( 1 ) x^+y^+z^+2xy+2xz+2yz 

- (2) x^+y^+z^+l 

-(3) x^-\+y^-\ 

- (4) x^—5x^y^+5xy* 

- (5) ix+vY 

- (6) (x+1)’ 

- (7) Sa:*-(Sx)* 

- (8) Sx«-(Sa;’)(2x) 

- (9) y,yi+iM 

—(10) juj+vTn 

-(11) (ft»)®+(M2)’+MJM» 

-(12) ViS+(M.)* 

-(13) 

M* M4 

-(14) 

Ml 

—(15) y/iH-2nt 
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4. Using o-i.js 45 =or,V1 -r ?2 Vl-r?,.jVl-rJs.j,! as a 
model, write the formula for 

(1) 0‘4.216 (2) <r8.12 (3) (Te.rw 

6. Using /2i(2346) = {l-(l-n2)(l-r?3.2)(l-n4.23)(l-ru.284)}i as a 
model, write the formula for 

(1) i?2(34) (2) 1^6(4) (3) 2^3(256) 

6. In each of the following there is a pair of symmetrical variables 
and one or more unique variables. Which variables are sym¬ 
metrical and which unique? When numerical subscripts are 
used, it is to be understood that the variables are xi, X 2 , xz, 

tC4, • * • Xn . 


{X)x^z^+xyh 

( 2 ) (z+w+2vy 

(3) x^--y^+z+v) 

(4) x^+x^ 


(5) (Sx)(2w)-^C2x)(2y)(Sw) 


(6) r42.3« = 


^*42.3—7*46.af 26.3 


(7) r«. 


<r2.45 
46 ■' 

<r8.46 


Second Test 

1 . Place a check mark in front of each homogeneous expression: 

- ( 1 ) x^+y^+z^+xyz 

- (2) x^+y^+z^+xy+xz+yz 

-(3) y*+y^x+x^^+lO 

-(4) xy*+xY+y^ 

- (5) y^-2y+l 

- (6) Sx«+(Sx*)» 


- (7) 

2 3 

Ms-M2 

where 

II 

S 

and 

Sx* 

- (8) 

M6-M? 

where 

Sx‘ 

and 

Sx* 

-(9) 

M2n-H«n 

where 

2x*» 

f‘2n - ^ 

and 

Sx* 

"- (10) 

Mn+2 — Mn 

where 

Sx’*+* 

Mn+2 ^ 

and 

Sx* 
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2 . Place a check mark in front of each expression symmetrical with 
respect to x and y. 

-(1) x^+Sx^+3xy^+y^ _/gx 

-( 2 ) y-2x 

-(3) x3-y3 -(7) ^-M.My 

-( 4 ) x^y+yH-]r^ -( 8 ) (Ex^-Xy^ 

-( 5 ) a^+a^ -( 9 ) M^-My+M^ 

3 . A familiar statistical formula is 

/2i( 2S4) = { 1 — (1—ri2)(l—ri3.2)(l—ru.zs) } ^ 

Do not try to understand this formula, but using it as a model, 
WTite the formula for /23(i24). 

4. Consider that ri2 and <ti are of zero order 

ri2.3 and 0-1.2 are of first order 

ri2.84 and 0-1.23 are of second order 

ri2.346 and 0-1.234 are of third order, and so on. 

Place a check mark in front of each expression in which all the 
r^s and o-’s are of the same order. 


( 1 ) ® 

■>/1—1 •—f46.6 

-(2) (l-ri3)(l-rk.)(l-rL34) 


-(3) ri2.34 

-(4) 7*84.667 


0 " 1.34 

O’ 2.34 
O’ 3.4667 
0 - 4.3667 


6 . There are three variables designated as a^i, X2j and x^. The 

formula is the formula for the correlation be- 

Vl—rLVl-rL 

tween two of them when the influence of the third is eliminated. 
Without trying to understand what the formula means, decide 
which of the variables is unique. Which of the r's is unique? 

6 . The formula r84.6«=— - relates to the variables 
Vl~r86.6^/l—r’l6.6 

aJs, *4, Xiy and Xt. Which two are treated symmetrically? 
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FITTING A STRAIGHT LINE TO A SWARM OF POINTS 
Residual. Plot the following points; 


X 

-6 

-5 

-4 

-3 

-2 

-1 

0 

1 

2 

Tl 

4 

5 

6 

7 

8 

9 

y 

-10 

-8 

-7 

-5 

-4 

-2 

0 

1 

3 

4 

7 

9 

11 

11 

14 

15 


While these do not lie exactly on a straight line, they cluster 
closely around one. Hold a black thread tightly stretched, 
and move it about among the points until you think you 
have the position of the straight line which best represents 
them. Draw this line and find its equation. 

Let us suppose that in finding this equation one person 
has secured the solution y=ix and another y=ix. Which is 
preferable? Evidently there is no single Kne which passes 
through all the points, but there may be a line which fits 
them better than any other does. Let us consider the pairs 
of numbers given above to be values obtained by actual 
observation on some physical phenomenon. Now for each 
value of X given there we will estimate a theoretical value 
of y from the equation y=ix. Clearly there will be discrep¬ 
ancies between these observed and estimated values. There 
will, however, be discrepancies if y is estimated from the 
equation y = iXy or from any other finear equation. The 
difference between an observed value of y and a value esti¬ 
mated from an equation is known as a residual. We must 
examine the sizes of the residuals for the two equations 
and y=ix. 

Plot the pairs of numbers which represent observed values 
and on the same axes draw the graph of y=ix. If a plotted 
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point does not lie on the graph, draw a vertical line parallel 
to 07 from the point to the graph. Do this for all the points 
which are not exactly upon the line. You now have a graphic 
representation of the set of residuals, or discrepancies be¬ 
tween observed values of y and values estimated from the 
equation Table VII shows the arithmetic value of these 



Fia. 7 Fig. 8 


Residuals from the line y=ix Residuals from the line y-ix 

residuals and the squares of the residuals. The use of their 
squares will be explained later. Table VIII shows the residuals 
and their squares when y is estimated from the equation 
y=ix. Figures 7 and 8 show graphically the residuals from 
these two lines. A comparison of the two tables shows that 
in one case the sum of the residuals is 3.00 and in the other 
case —3.00, and we are not able to choose between the 
equations on this basis. The difficulty is that positive and 
negative residuals balance each other to such an extent 
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that their sum is not very enlightening. In order to judge 
the real extent of the discrepancy between observed and 
theoretical values we must get rid of the negative signs, 
and we can do this by squaring the residuals. When that is 
done we see readily that y=ix is a better fit than y=fx, 
because it gives a smaller sum for the squared residuals. Ex¬ 
amination of Figures 7 and 8 also confirms this judg¬ 
ment, for we see there that the totality of the residuals 
in Figure* 7 is larger than the totality of the residuals in 
Figure 8. We shall now investigate the possibility that 
some other line may fit the set of points better than either 
of these, at the same time developing a general method for 
finding the straight line of best fit. 

TABLE VII 

Residuals and Squares of Residuals 




X 

Observed 
Value of y 

Estimated 
Value of y 

Residual 

Square of 
Residual 

-6 

-10 

- 9 

' +1.00 

1.00 

-5 

- 8 

- 7i 

+0.50 

0.25 

-4 

- 7 

- 6 

+ 1.00 

1.00 

-3 

- 5 

- 4i 

+0.50 

0.25 

-2 

- 4 

- 3 

+1.00 

1.00 

-1 

- 2 

- li 

+0.50 

0.25 

0 

0 

0 

0.00 

0.00 

1 

1 

li 

+0.50 

0.25 

2 

3 

3 

0.00 

0.00 

3 

4 

4i 

+0.50 

0.25 

4 

7 

6 

-1.00 

1.00 

5 

9 

7J 

-1.50 

2.25 

6 

11 

9 

-2.00 

4.00 

7 

11 

lOi 

-0.50 

0.25 

8 

14 

12 

-2.00 

4.00 

9 

15 

m 1 

-1.50 

2.25 




-3.00 

18.00 

-.-Taa 
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TABLE VIII 

Residuals and Squares of Residuals 


y=‘TX 


X 

Observed 
Value of y 

Esiimaied 
Value of y 

Residual 

Square of 
Residual 

-6 


-lOi 



-5 

- 8 

- 8J 


.5625 

-4 

- 7 

- 7 



-3 

- 5 

- Si 

-0.25 


-2 

- 4 

- ^ 

-f0.50 


-1 

- 2 

- u 

+0.25 

.0625 

0 


0 

0.00 

.0000 

1 

1 

u 

+0.75 

.5625 

2 

3 

3i 

+0.50 

.2500 

3 

4 

Si 

+ 1.25 

1.5625 

4 

7 

7 

0.00 

.0000 

5 

9 

8i 

-0.25 

.0625 

6 

11 

lOi 

-0.50 

.2500 

7 

11 

12i 

+1.25 

1.5625 

8 

14 

14 

0.00 

.0000 

9 

15 

151 

+0.75 

.5625 




3.00 

6.0000 


Least Squares, A fundamental principle of wide ap¬ 
plicability in fitting mathematical curves to observed data 
is the famous principle of least squares, which holds that 
the line of *'best fit^' is the one for which the sum of the 
squares of the residual errors is the least. We will now try 
to see if there is some other equation which may fit these 
values even better than the equation y=ix. 

Let y=mx+k be the general form of the equation we are 
seeking. We have sixteen pairs of values for x and y, but 
no values for m and k. If we substitute in y=mx+k the 
values of x and y given by the first pair of coordinates (—6, 
— 10), we have —10= —6m+k. In the same way fifteen 
other equations can be found, such as 
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— 10= — 6m+& 

— 8=—5m+fc 

— 7=—4m+fc 

— 5=—3m+fc 
and so on. 


Obviously these equations are incon¬ 
sistent. By the methods of the calculus 
it can be shown that the ‘^best^' values 
for m and k are given by the two equa¬ 
tions: 

Xy =m2x +Nk 
2yx=mXx^+k'Lx 


Here N = 16, and 2a;, 2a;^, and Xxy are numbers which 

can be found from the data, as in the computation below. 
Here we find 


2a; = 24 2 x 1 / = 635 

21/= 39 2x2=376 


Since 2x and 2i/ are not zero, it is appar¬ 
ent that X and y cannot be representing the 
deviation of statistical variates from their 
means. If we wish to think of x and y as 
representing statistical variates, we could 
apply primes to the letters throughout, 
recognizing that deviations are taken from 
zero, which is an assumed mean. However, 
X and y are commonly used in algebra to 
represent deviations from zero, and we may 
omit the primes because we are using alge¬ 
braic rather than statistical language. 

We may now substitute the computed 
values of 2x, 2i/, 2xi/, and 2x2 
equations 

Xy=in2x+Nk 

2xy=m2x2-l-fc2x, and the latter become 


X 

y 

xy 


-6 

-10 

60 

36 

-5 

- 8 

40 

25 

-4 

- 7 

28 

16 

-3 

- 5 

15 

9 

-2 

- 4 

8 

4 

-1 

- 2 

2 

1 

0 

0 

0 

0 

1 

1 

1 

1 

2 

3 

6 

4 

3 

4 

12 

9 

4 

7 

28 

16 

5 

9 

45 

25 

6 

11 

66 

36 

7 

11 

77 

49 

8 

14 

112 

64 

9 

15 

135 

81 

24 

39 

635 

376 


39= 24m+16fc 
635=376m+24fc. 


To solve these for m and A, we may multiply the first by 3 
and the second by 2, obtaining two equations in which k 
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has the same coeflSicient, and then may subtract one equation 
from the other: 

117= 72m+48fc 
127Q=752m+48fe 
1153 = 680m 
m= 1.696 
A;=-0.1065 

Therefore our ''best’’ equation is ?/=1.696a;—0.1065. 

With this equation compute values of y corresponding to 
the given values of x, find the residuals, or discrepancies 
between these computed values of y and the observed values. 
Find the sum of the squares of the residuals, and compare 
it with the sum in Table VII and in Table VIII. 

More complicated equations can be fitted by processes 
similar to these, but they will not be treated here. 


Exercise 42 


Find the "best fitting” linear equation for each of tl 

2?/ =mZx +Nk 
Xxy == rnEx^+klSx 
and k. Plot the points. Draw the graph of the equation through 
the points. 


sets of points, using the equations | 


following 
to find m 


x 

-4 

-3 

-2 

-1 

0 

1 

2 

3 

4 


y 

10 

9 

8 

6 

2 

0 

-1 

-5 

-5 

i 

s 

IS 

E 

i 

E 

H 

s 


B 

H 

B 


E 

1 

I 

E 

i 

E 

E 

E 

E 

■ 

E 

E 


I 

m 

1 

11 

1 

1 

1 

El 

x 

-2- 

-H 

-1^ 

[p 

-] 

-1 

-i 

B 

11 

■ 

i 


1 

li 

li 

y 

6 

5 

4 

3^ 

5 

2i 

2 

1] 

II 


-1 

-2 

-3 

-4 

-5 

X 

-1 

-1 



E 


1 


1 

1 


li 

2 

2 

2 


y 

-3 

-2 

-2 

-1 

1 

1 

1 


2 

3 

3 

4 

4 

5 

6 
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THE “ NORMALCURVE 

Importance. Many frequency distributions can be fitted 
approximately by a curve which is commonly, though some¬ 
what ambiguously, known as the normal curve. ^ While it 
would be a serious mistake to think that this curve furnishes 
a universal pattern to which all frequency distributions must 
conform, still it has very wide statistical uses, particularly 
in connection with sampling problems, and even in the more 
elementary texts in statistical method it is much discussed. 

The derivation of the equation of the normal curve re¬ 
quires a much more extensive knowledge of mathematics 
than is assumed in the present treatise. For such a deriva¬ 
tion, students are referred to works on the mathematical 
theory of probability. ^ Here we will consider only those 
properties of the curve which demand no mathematics beyond 
algebra for their understanding. 

Equation. The equation of the normal curve is 

X* 

y^—7=e 

(TV 2ir 

^ The curve has many other names, such as curve of error, proba¬ 
bility curve, and curve of normal probability. It is also called the 
Gaussian curve because Gauss (1777-1855) studied it extensively, and 
sometimes called the Laplacean curve because Laplace (174^1827) de¬ 
rived its equation even before Gauss did. De Moivre, however (1667- 
1754), gave the first proof of the equation of the curve in 1733. 

* See Coolidge, J. L., An Introduction to Mathematical ProhahilUyf 
Oxford, 1925; Fisher, Arne, The Mathematical Theory of Probability^ New 
York, 1915, 1922; Rietz, H. L., Handbook of Mathematical Statistics^ Bos¬ 
ton, 1924; Whittaker, E. T., and Robinson, G., The Calculus of Observa- 
lionsf London, 1924; and Yule, G. U., IrUroduction to the Theory of 
Statistica, London, many editions. 
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Here y is the ordinate of the curve and x the abscissa. The 
letter tt represents a constant which is the ratio of the cir¬ 
cumference of a circle to its diameter, approximately 3.1416. 
On page 129 it was stated that e is a constant whose value 
is approximately 2.718. N and <r are the two parameters of 
the curve, being constant for any particular set of data. 
N represents the number of cases in the frequency distribu¬ 
tion and <7 is its standard deviation. The variables in the 
equation are therefore x and and all the other letters 
represent constants. However tt and e are genuine constants, 
while N and a are constant for a given curve but change 
from one curve to the next, and therefore are the parameters 
of the curve. 

It is ordinarily convenient to use a as the scale unit for 
the horizontal axis, so that we express x not as so many 
inches, feet, dollars, or pounds, but as so many or^s. To say 

that 0,45(7 is the same as to say - = 0.45, and we usually 

(7 

X 

express the abscissa as - rather than x. It is convenient to 

<7 

use — as the scale unit for the vertical axis, since — is a 

<7 (7 

number which can be factored out of the right hand member 
of the equation for the curve. 

Unit Normal Curve. To use a number as the unit of 
measure is tantamount to setting it equal to unity, or 1, in 
the equation. Consequently we often write the equation as 


z = 


V2t 


a form which is known as the unit normal curve. Here we 
have let iV= 1 and <t= 1 . 

Finding Ordinates of the Curve. To find values of the 
ordinate corresponding to given values of - we will make 
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use of logarithms. First we will find the value of 2 :, the 
ordinate of a unit normal curve, and from this we can find 

the ordinate of any normal curve by the formula y = ^z, 

a 

The person who has not studied logarithms may skip this par¬ 
agraph and plot the curve from the values given on page 202. 
log TT _=0.49715 
log \/27r = Klog 2+log 7r) = 0.39909 

log - 4 = = -0.39909=1.60091 
V2x 

log e = log 2.7183 = 0.43429 

log e-fi- log . -i;(0.21715) 

Therefore log 2 =1.60091 -4 (0.21715) 

By the application of this last formula, and the use of a 
table of logarithms, we may now find the values for z as in 

Table IX. Note that when - = .5 we have (0.21715) equal 

to —.25(0.21715)==—.0543. But since we usually write a 
logarithm with a positive mantissa, we change this to its 
equivalent —1+-9457 and write 1.9457. 



TABLE IX 

Computation of Ordinates 


X 

_£l 

log e 



a 

= (0.21715) 

or* 

logz 

z 

0 

0 

1.6009 

.399 

.5 

1.9457 

1.5466 

.352 

1.0 

1.7828 

1.3837 

.242 

1.5 

1.5114 

1.1123 

.130 

2.0 

1.1314 

2.7323 

.054 

2.5 

2.6428 

2.2437 

.018 
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This illustrates the process of finding ordinates. It is obvious 
that these values are too far apart to give a clear picture of 
the curve, and that intermediate values must be found. The 
person who wants practice in working with logarithms will 
wish to check the values of z given in Table X. Others 
may accept these values without checking them. 

TABLE X 

Ordinates op the Normal Curve 


X 

a 


X 

(T 

Ordinate 

X 

cr 

Ordinate 

X 

(T 

Ordinate 

0.0 

.399 


.242 


.054 


.0044 

0.1 

.397 

1.1 

.218 

2.1 

.044 

3.1 

.0033 

0.2 

.391 

1.2 

.194 

2.2 

.035 

3.2 

.0024 

0.3 

.381 

1.3 

.171 

2.3 

.028 

3.3 

.0017 

0.4 

.368 

1.4 

.150 

2.4 

.022 

3.4 

.0012 

0.5 

.352 

1.5 

.130 

2.5 

.018 

3.5 

.0009 

0.6 

.333 

1.6 

.111 

2.6 

.014 

3.6 

.0006 

0.7 

.312 

1.7 

.094 

2.7 


3.7 

.0004 

0.8 

.290 

1.8 

.079 

2.8 


3.8 

.0003 

0.9 

.266 

1,9 

.066 

2.9 


3.9 

.0002 


Dratoing the Curve, In Table X which gives ordinates of 
the normal curve, we have the values of z corresponding to 

X 

values of — at intervals of 0.1. Lay off on graph paper a 

<T 

horizontal scale on which tenths of a can be read, letting it 
extend at least 3<r each way from the origin. Draw a vertical 
axis at the origin and lay off on it a scale from which hun¬ 
dredths can be read. This scale need not extend beyond 
0.40, since the ordinate at the origin, Zqj is only 0.399 which 

N X 

means 0.399~- Plot one point for each pair of values, - 

C (T 

being measured on the horizontal scale and z on the vertical. 

X 

Since - is squared in the formula, z will be the same whether 
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- is positive or negative, and the curve is symmetrical with 

O’ 

respect to the vertical axis. Therefore for every z we must 

plot two points, one for which - is positive, and one for 

which it is negative. After these points are plotted, draw a 
smooth curve through them. 

Properties of the Curve. A number of properties of the curve 
are easily apparent without the aid of higher mathematics. 

1. The curve is symmetrical with respect to the vertical axis, 
for its two halves could be made to coincide by folding. 
Positive deviations and negative deviations from the origin 
are equally frequent. 

2. The maximum is at the origin. The mean, median, and 
mode coincide. (The mode is the abscissa of the highest point 
on the curve. The median is the abscissa of the point beyond 
which exactly half of the frequency, or area, lies. The mean 
is the abscissa of the center of equilibrium of the area under 
the curve, if it were balanced on a knife edge.) 

3. The curve approaches nearer and nearer to the horizontal 

X X 

axis as - increases^ a/nd os ~ decreases, but theoretically it 
(T <r 

never reaches the axis. 

4. There are points of inflection at x=^ a. Near the origin 
the curve is concave to the horizontal axis. Out near =*=3<r 
it is convex to the horizontal axis. The point where the 
change in curvature occurs is called the point of inflection. 
To find it approximately, lay the edge of a ruler so that it 
is tangent to the curve at the origin, and lying outside of 
the curve. Shde the ruler slowly along the curve, keeping 
it in a tangent position. At first the curve is concave to the 
ruler, and is not cut by it. Then there comes a time when the 
ruler cuts across the curve at the point of tangency. Mark 
the point at which this happens, and repeat the experiment 
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on the other half of the curve. Verify the fact that the 
abscissas of these two points are given by the equations -=1 

CT 

X 

and ~= —1, which are obviously the same as a;=<r and — cr. 

Area under the Curve. The area lying between the curve 
and the horizontal axis is said to be “under the curve/' If 
you have plotted your curve so that o- is a units on the hori- 
N 

zontal scale and — is 6 units on the vertical scale, then the 
a 

total area under the curve should contain ab of the area 

units. Probably you have laid off 10 spaces for a, and have 

let the ordinate at the mean be 40 spaces, on squared paper. 

N N N 

This would mean that .40—=40, so that—=100 spaces. If — 

<T cr (T 

= 100 and (r=10, then iV'= 100X10 = 1000, and accord¬ 
ingly there should be 1000 little area units under the entire 
curve. These area units are probably but not necessarily 
squares. Count the squares under the curve to see that 
there are approximately 1000 of them. 

TABLE XI 


Proportion of Area op Given Segment 
OF the Normal Curve 


X 

a 

Proportion of Area 

Between 0 and ~ 

cr 

X 

Between =*=- 

O’ 

0.00 

.0000 

.0000 

0.30 

.1179 

.2358 

0.50 

.1915 

.3830 

0.675 

.2500 

.5000 

1.00 

.3413 

.6826 

1.50 

.4332 

.8664 

2.00 

.4772 

.9544 

2.50 

.4938 

.9876 

3.00 

.4987 

.9974 

3.50 

.4998 

.9996 
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What proportion of the area lies between the mean and 
+ (T? Between the mean and 2<r? Between cr and 2(r? 

What proportion of the area lies between —<r and +(r? 
Between — 2cr and +2<r? Between — 3(r and +3(r? 

By counting squares, verify the facts stated in Table XI. 
Your per cents should check with these for about two places. 

Tables of Areas of the Normal Curve. Many texts in 
statistical method furnish a table of areas and ordinates of 
the normal curve similar to the small table shown here but 
more extensive. There are also several books of tables for 
statistical computers, in which tables of the normal curve 
are included. Foremost among such is Pearson^s Tables for 
Statisticians and Biometricians, indispensable to the pro¬ 
fessional statistician. The beginner will find Holzinger^s 
Statistical Tables for Students in Education and Psychology 
well adapted to his needs. 

Such tables are always made up for a unit-normal curve, 
in which N and cr are taken as unity. Consequently they are 
applicable to any normal distribution no matter what values 
N and o- may have. For the unit-normal distribution, the 
total area under the curve is 1, instead of N. The tables 
present three values: 

X 

(a) the abscissa, or 

(b) the ordinate, often called z, 

(c) some area value. 

Table XII is a small portion of such a table, extending from 

X 

*=1.25(7 to a:=1.34(7 by intervals of 0.01, where - is the 

(T 

argument. Table XIII is a small portion of a second table 
arranged with the area as argument, extending from an area 
of .245 to an area of .254, by intervals of 0.001. It will be 
seen that the first table is more convenient for solving some 
problems, the second more convenient for others. 
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TABLE XII 

A Shall Pobtiok op a Table of Ordinates and Areas of tbe Norhal 
C tTRTE IN Terms of Deviates from the Mean 


X 

<r 

Area from 

Oto- 

<T 

z 

X 

a 

Area from 
Oio^ 

(T 

z 

1.25 

.9944 

.1826 



.1714 

1.26 

.3962 

.1804 

1.31 

.4049 

.1691 

1.27 

.3980 

.1781 

1.32 

.4066 

.1669 

1.28 

.3997 

.1758 

1.33 

.4082 

.1647 

1.29 

.4015 

.1736 

1.34 

.4099 

.1626 


TABLE XIII 

A Shall Portion of a Table of Deviates and Ordinates of the 
Normal Curve in Terms of Area from the Mean 


Area from 

Oto^ 

<r 

X 

<r 

z 

Area from 

Oio^ 

tr 

X 

a 

z 

.245 

0.6588 

.3211 

.250 

0.6745 

.3178 

.246 

0.6620 

.3204 

.251 

0.6776 

.3171 

.247 

0.6651 

.3198 

.252 

0.6808 

.3164 

.248 

0.6682 

.3191 

.253 

0.6840 

.3157 

.249 

0.6713 

.3184 

.254 

0.6871 

.3151 


Probable Error. In problems that relate to sampling, 
considerable interest attaches to the points which mark off 
the middle half of the area under the normal curve. Find 
the points which are 0.67<r on either side of the mean, draw 
ordinates at these points, and count the squares l 3 dng be¬ 
tween these ordinates. The distance 0.6745 <t is commonly 
called the proibabU error. The name der wahrscheinlicbe FeMer 
was used in 1815 in a German astronomical work to mean an 
error in the observation of the position of a heavenly body, 
the error to be of such a size that half of the errors made 
were likely to be larger than this and half smaller. The term 











READING TABLES OF NORMAL CURVE 207 


probable error a translation of that phrase, has been in 
use well over a century. The probable error is sometimes 
used instead of the standard deviation as a scale unit for 
the horizontal axis. 

Reading Tables of the Normal Curve. The following ex¬ 
amples illustrate typical problems for which such tables are 
used. Each of these ex¬ 
amples has a host of prac¬ 
tical applications, which 
are not developed here 
because this book does 
not deal with the content 
of statistical method. It 
must be understood that 
the examples shown here 
are set down solely for 
practice in the reading of tables, and not as models to be 
followed in an applied problem. Many real problems do 
not warrant so great an appearance of precision as is implied 
here. The narrow limits of the small sections of the tables 
from which we are working impose these conditions. 

1. In a normal distribution, what proportion of the measures 
exceed the mean by 1.32<r or more? 

From Table XII we learn that 0.4066 of the total area 
lies between the mean and x= 1.32or. Now since 0.5 of the 
area lies above the mean, or 0.5 of the measures exceed 
the mean, the proportion exceeding the mean by 1.32<r 
or more should be 0.5000 —0.4066 = 0.0934, or approxi¬ 
mately 9%. It must be noted that we have treated 
1.32a’ as an ideal mathematical point having no width, 
a point which merely divides the horizontal axis into two 
portions as its ordinate divides the area into two portions. 
See Figure 9. 

2. In a normal distribution with mean = 52,32 and or=4.501 


Y 
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what proportion of the individuals would have scores 
between 46.30 and 58.00? 

The question must be broken up into two questions. 

(1) What proportion would have scores between 46.30 
and the mean? 

46.30-52.32 -6.02 

In Table XII we read 
that 0.4099 is the pro¬ 
portion of area between 
0 and x=1.34(r. Since 
the curve is symmet¬ 
rical, the area between 
^ 0 and x=—1.34(r is 
obviously also 0.4099. 
See Figure 10. 

(2) What proportion would have scores between the mean 
and 58.00? 

a:2 58.00-52.32 5.68 , 

<r ~ 4.5 

Table XII tells us that 0.3962 is the proportion of area 
between 0 and x = 1.26(7. 

Therefore between —1.34(7 and +1.26(7 the proportion 
of area is 0.4099 +0.3962 = 0.8061 or about 81%. 

3. In a normal distribution with mean=69.3 and (7=2.4, 
what proportion of the individuals would have scores 
between 72.3 and 72.5? (The limitations of our table, 
which covers only a very narrow range, makes it necessary 
to use as illustration such special values as these. In 
practice such a question would be warranted only with 
a very large sample in which the distribution was ex¬ 
actly normal, a condition not often realized.) 


(7 

y 
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(1) What proportion of the area is between the mean and 
72.5? 

^^ = 72 . 5 - 69 . 3 ^ 

<T 2.4 

The area between 0 and X 2 is therefore 0.4082. 

(2) What proportion of area is between the mean and 72.3? 

xi 72.3-69.3 , ,, 

—' —1.25 

(T 2.4 

The area between 0 and xi is therefore 0.3944. 

The area between xi and X 2 is 0.4082—0.3944 = 0.0138 
or approximately 1%. 

4. Interpolate to find an approximate value of the ordinate 
at a;=1.326(7. 


Ordinate at 1.32(7 = 0.1669 
1.33(7=0.1647 

Now 1.326 is 0.6 of the way from 1.32 to 1.33. Conse¬ 
quently the ordinate at 1.326(7 should be approximately 
0.6 of the way from 0.1669 to 0.1647. The difference is 
0.0022, and (0.6) (.0022) = 0.00132. The ordinate is there¬ 
fore approximately 0.1669—0.00132 or 0.1656. Note 
that we subtract the correction because the ordinates 

X 

are decreasing as the values of - increase. Note also 

(7 

that we do not attempt to get an interpolated value of 
more than four places. 

5. If the mean of a normal distribution is 69.3 and <t is 2.4, 
between what values, symmetrically placed on either 
side of the mean, does one-half of the area lie? Here the 
problem is reversed, and Table XIII will be more helpful. 
We are to center our attention upon a symmetrical strip 
of area which is to contain 0.50 of the total area. Sketch 
a normal curve and draw an ordinate at the mean. Then 
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mark on the base line a point xi such that an ordinate at 
that point divides the area below the mean into two equal 
parts. Mark on the base line a second point X2 such that 
an ordinate at X2 divides the area above the mean into two 
equal parts. The area from the mean to X 2 should there¬ 
fore be equal to the area from Xi to the mean, and each 
should equal 0.25 of the total area. In Table XIII we read 
that the abscissas of the points we seek are 0.6745(r. The 
sign is read ‘^plus or minus^^ and is used to indicate 
simultaneously the positive and negative values of the 
same number. Here it means that one required value is 
+0.6745(7 and the other is --0.6745(r. Now 
0.6745(7=0.6745(2.4) = 1.6188, 
or better, 1.62. a;i = 69.3— 1.62 or 67.7, and 
0:2=69.3+1.62 or 70.9, 
which are the values sought. 

In studies of sampling, the deviation from the mean be¬ 
tween whose positive and negative values one-half the 
area of a normal curve lies, is called the probable error, 
usually designated as p.e. 

p.c.=0.6745(7. 

X 

6. Interpolate to find an approximate value of ~ when 

X 

the area between the mean and - is 0.2462. 

(7 

When area=0.246 -=0.6620 

(7 

When area=0.247 -=0.6651 

(7 

Now 0.2462 is 0.2 of the way from 0.246 to 0.247. Com 

X 

sequently the value of - which we require should be 

approximately 0.2 of the way from 0.6620 to 0.6651. 
The difference is 0.0031 and (0.2) (0.0031)=0.00062. The 
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value sought is therefore approxunately 0.6620+0.00062 

X 

=0.6626. Note that we add the correction because - 

<r 

is increasing as the area increases. 

7. If the mean of a nor¬ 
mal distribution is 
106.2 and <t is 12.3, 
what score would be 
exceeded by 74.8% of 
the members of the 
group? The mean is 
exceeded by 50% of 
such a group. There¬ 
fore the proportion scoring between the mean and the un¬ 
known score should be 24.8% or 0.248, as in Figure 11. 

X 

In Table XIII we see that if the area between 0 and - is 

a 

0.248, ^=0.6682. Then x=0.6682(12.3)=8.21886, or bet- 

ter 8.22. The score in question is therefore 106.2—8.22 
=98.0. 


Y 



Exercise 43 

1 . What proportion of the area under a normal curve 

(1) Lies between 1.27a’ and l.SSo-? 

(2) Lies between — l.Sla- and —1.25a’? 

(3) Lies between —1.29a’ and + 1.29a’? 

(4) Lies between —1.28a’ and + 1.26a’? 

(5) Lies above 1.30a’? 

(6) Lies below 1.28a’? 

(7) Lies above —1.26a'? 

(8) Lies below --1.33a’? 

2 . Between what limits does the middle 49% of the area of a normal 
curve lie? 
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8 . Below what abscissa point does 75.3% of the area of a normal 
curve lie? ^ 

4 . Above what abscissa point does 75.1% of the area of a normal 
curve lie? 

6. Above what abscissa point does 25.4% of the area of a normal 
curve lie? 

6. Below what abscissa point does 24.6% of the area of a normal 
curve lie? 

7 . The mean of a normal distribution is 113.30 and <r is 5.6. 

(1) Between what limits does the middle 50.8% of the area lie? 

(2) Between what limits does the middle 49.2% of the area lie? 

(3) What proportion of the scores are less than 120.30? 

(4) What score is exceeded by 24.7% of the cases? 

(5) What score is exceeded by 74.7% of the cases? 

(6) What score is exceeded by 75.3% of the cases? 

(7) What score is exceeded by 24.9% of the cases? 

(8) What limits include the middle half of the cases? 

8 « By interpolation find the values to fill the blank spaces in the 
following table: 


X 

(T 

Area between 0 and - 

<T 

1.332 


0.660 


1.257 


0.670 



.4000 


.2493 


;4070 


.2536 



ANSWERS 

Chapter I 


First Test, page 3 


1. + 

7. + 

13. 0 

19. + 

2. 0 

8. 0 

14. + 

20. 0 

8. + 

9. + 

16. 0 

21. 0 

4. 0 

10. + 

16. 0 

22. + 

6. 0 

11. 0 

17. + 

23. + 

6. + 

12. + 

18. + 

24. 0 

Exercise 1, page 6 



1. f or 

li 

7. lOi 

13. i 

2. or 


8. 12 

14. 5 

3. ii or 

2H 

9. 14 

16. 'A'or^ 

4. ^ 


10. ^ + -V*- or 

5H 16. V0:96 

6. 51 • 


11. A . 

17. V0.9U 

6. 15i 


12. 6 

18. V0.19 

Second Test, page 6 



1. 4* 

7. + 

13. 0 

19. + 

2. 0 

8. + 

14. + 

20. 0 

3. + 

9. 0 

16. 0 

21. 0 

4. 0 

10. 0 

16. 0 

22. + 

5. 0 

11. 0 

17. +. 

23. + 

6. + 

12. + 

18. 0 

24. 0 



Chapter II 


First Test, page 7 



1. (1) 6 

-V 

(6) 4 


(2) 3 


(7) 4 


(3) 3 


(8) ? 


(4) 1 


(9) 2 



(5) 4 


213 



214 


ANSWERS 


Chapxeb II, conlinued 


First Test, page 7, continued 


a. (1) 593000 

(6) 53400 


(2) 43.5 

(7) 130. 


(3) 4.73 

(8) 4.00 


(4) 5.70 

(5) 43400 

(9) 0.00462 

S. (1) 5;359 

(5) 3500 or 3510 

(2) 29.9 

(3) 15.42 

(4) 310 or 315 

(6) 2425.6 


Exercise 2, page 14 

1. (1) X 

(5) 0 


(2) 0 

(6) X 


(3) 0 

(7) X 


(4) 0 

(8) 0 


a. ( 1 ) 2 

(5) 2 

(9) ? 

(2) 5 

(6) 3 

(10) ? 

(3) 5 

(7) 5 

(11) 3 

(4) 5 

(8) 2 

(12) 3 

8. (1) 5689000 

(5) 99.00 

(9) 5.347 

(2) 437600 

(6) 2.568 

(10) 3.000 

(3) 0.01234 

(7) 5.344 

(11) 489000 

(4) 29.00 

(8) 5.346 

(12) 32100 

4. (1) 1710 

(5) 4.9 

(9) 75 

(2) 17.1 

(6) 0.7 

(10) 84 

(3) 2.03 

(7) 0.038 

(11) 3424.5 

(4) 7.924 

(8) 0.0018 

(12) 22.2 

8. (1) As many as you 
(2) 4 

please 


(3) 3 


(7) 2 

(4) 2 


(8) 4 

(6) 4 (which completes the square) 

(9) 3 

(6) 6 (which completes the cube) 

(10) 2 
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Chapter II, continued 


Soicond Test, page 16 


1. (1) 6 

(6) 4 

(2) 4 

(7) 5 

(3) 2 

(8) ? 

(4) 1 

(9) 2 

(6) 3 


2. (1) 23.8 

(6) 21000 

(2) 1.36 

(7) 0.000423 

(3) 28000 

(8) 90000 or 90000 

(4) 36.3 

(9) 1.39 

(5) 78.2 


8. (1) 52.7 

(4) 8.8 

(2) 75.17 

(5) 0.37 

(3) 20.40 

(6) 4580.9 


Chapter III 

First Test, page 17 


1. 70.51 

6. 63.25 

2. 20.63 

7. 0.9487 

3. 0.04493 

8. 2.530 

4. 0.2938 

9. 18.97 

6. 7.491 

10. 0.3162 

Exercise 3, page 19 


1. (1) 4^ 

(6)12.53^10 (11)0.^ 

(2) 43 70 

(7) 1 36.40 (12) 0.40 

(3) 4. 37 

(8) 0.00 00 90 (13) 3.2140 

(4) 0.43 70 

(9) 90.12 30 (14) 0.00 20 

(5) 0.00 04 37 

(10) 5 67.20 (15) 0.10 


2. 2, 6, 2, 6, 2, 3, 1, 9, 9, 2, 5, 6, 1, 4,3 
8. 2, 1, 3, 2, 3, 9, 2, 6, 7, 2, 1, 2, 9, 4, 1, 7 


4. (1) 69.48 (4) 31.14 (7) 0.5522 

(2) 37.40 (5) 41.33 (8) 28.7 

(3) 51.46 (6) 4.428 (9) 236 


15 IS 
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Chaptbb III, conHnved 


Exercise 3, page 20, continued 


«. (1) 305.10 

(2) 50.16 

(3) 6.050 

(4) 70.630 
6. (1) 279.20 

(2) 7.691 

(3) 1.594 

(4) 13.96 

(5) 219.60 


(5) 9.051 

(6) 15.050 

(7) 2.070 

(8) 80.6100 

(6) 3.19800 

(7) 30.510 

(8) 270.3004 

(9) 3.80899 


Second Test, page 22 

1. 61.98 

2. 30.45 

3. 0.04589 


6. 94.87 

7. 0.3162 

8. 1.897 


4. 0.2686 


9. 26.65 


5. 5.977 


10. 0.6325 


Chapteh IV 


First Test, page 23 

1, (1) 256.515 

( 2 ) 8.1 

(3) X 

2. (1) 658 

8. (1) 256.22 
4 . (1) 43335900 


(4) 65.2 

(5) X 

(6) 0.0659 
(2) 0.0087 
(2) 8.113 
(2) 71.24 


Exercise 4, page 28 


1. 700 

7. 60 

2. 80 

8. 0.2 

S. 100 

9. 0.6 

4. 1000 

10. 0.03 

6. 30 

11. 10 

6. 4 

12. 60 


13. 10 

19. 0.09 

14. 3 

20. 20 

16. 0.3 

21. 90 

16. 1 

22. 0.1 

17. 0.06 

28. 2 

18. 0.3 

24 . 200 
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Chaftbb IV, continued 

Exercise 6, page 30 


4, (1) 8.83 

(4) 2.55421 (7) 92.574 

(2) 8.06 

(5) 65.57 (8) 2.56164 

(3) 0.8112 

(6) 86.6 

(9) 0.254951 

6. (1) 43230600 

(2) 85.3 

(3) 0.00433491 

Second Test, page 31 



1. (1) 0.256320 


(4) 0.084 


(2) X 


(5) 0.255930 


(3) 8.1 


(6) X 


2. (1) 0.79 


(2) 6.51 


8. (1) 91.488 


(2) 6.519 


4. (1) 42.8109 


(2) 0.872 



Chapter V 


First Test, page 32 




1. 3 6. 1 

9. 2 

12. 1 

16. 3 

2. 2 6. 4 

10. 1 

13. 2 

16. 2 

3. 2 7. 3 

4. 1 8. 3 

11. 4 

14. 4 

17. 4 

Exercise 6, page 36 




1. (1) 5.2 

(6) 1.3 

(11) 0.06 

(16) 216.2 

(2) 17.5 

(7) 50.7 

(12) 20.14 

(17) 0.5 

(3) 24 

(8) 142.3 

(13) 32 

(18) 301.3 

(4) 102 

(9) 9.1 

(14) 0.51 

(19) 94.2 

(5) 50.3 

(10) 0.3 

(15) 6.03 

(20) 86.3 

a. ( 1 ) 80 % 

(5) 250% 

(9) 7.15% 

(13) 5% 

(2) 75% 

(6) 1.2% 

(10) 65% 

(14) 2% 

(3) 0.8% 

(7) 17% 

(11) 11.2% 

(15) 7.5% 

(4) 3i% 

(8) 4.65% 

(12) 90% 
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Chapter V, continued 


Exercise 6, page 36, continued 


3. (1) 240000 

(6) 

0.6 

(11) 0.05 

(16) 0.4 

(2) 50 

(7) 

0.0009 

(12) 0.02 

(17) 6 

(3) 0.0017 

(8) 

1600 

(13) 20 

(18) 60 

(4) 80 

(9) 

600 

(14) 0.2 

(19) 200 

(5) 600 

(10) 

200 

(15) 3 

(20) 0.01 

4. (1) 2 

(6) 

2 

(11) 4 

(16) 3 

(2) 3 

(7) 

3 

(12) 4 

(17) 3 

(3) 1 

(8) 

1 

(13) 4 

(18) 4 

(4) 1 

(9) 

3 

(14) 1 

(19) 3 

(5) 2 

(10) 

1 

(15) 4 

(20) 2 

Second Test, page 38 




id 

CO 


9. 2 

12. 3 

16. 4 

2. 3 6. 3 


10. 1 

13. 2 

16. 1 

3. 2 7. 3 

4. 2 8. 3 


11. 1 

14. 4 

17. 1 



Chapter VI 


All answers should be verified by checking. 




Chapter VII 


first Test, page 62 






(2) Xi{xt+X3+Xi) (3) 

(x 3 +a: 4 )-(xi+a:») 

«. (1) 



(4) 7=ixd« 

(i 

o 

(2) d=16<» 



(5) (n+n')- 

(n—n')=2n' 


(3) F=25+15(ni-l)+|to 
or F=15?n+fw+10 
8 . /S=2P'+3P"+P'" 

4. Gi=F[-Fi 

6 . (1) R^N-W (3) R=^N-W-Q 

(2) S=~N-2W (4) S-‘N-2W-Q 
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Chapteb VII, continued 


Exercise 13, page 66 

1 . (1) 2n 

(2) 3+ft or wH-3 

(3) 5ri-7 

(4) n» 

(5) I or 6/n 
n 


( 6 ) 


20 


(7) (n+5)(n-2) 

(8) {2nY or 4n* 

(9) 2n* 


2. (1) ni+n2+n3+n4 

(2) niniuzn^ 

(3) (ni+n2)(n3+n4) 

(4) ni?i2W3n4—(ni+n2+n3+n4) 


(5) 


ni+^2 
713+n4 


(6) ni(n2+n3+n4) 


or 711712713/14 —711—712—n8—n4 


(7) 

(8) 


713 


Til “h 772“!“ 714 
(107li)(47l2) 
6713 


or 


407li7l2 

6713 


or 


20ni7i2 

371s 


4. x 

2a; 

2a;+40 

3(2a;+40)=6a;+120 

6x+20 

4a;+20 

ii±22.*+5 


6. X 

x+25 

4(x+25)=4a;+100 

5X+100 

x+20 

2x+40 

2a; 


6. (1) Til+712=45 

(2) xi—X2 = 6 

(3) ^x+~?/ = 20 or ^+^=20 

(4) 371+771=1071 


(5) 7li + 7l2+7l3 = 90 

(6) No^N^+b or Na-N^^b 

or —5 = iVg 

(7) Nc^N^+Na+N^ 

(8) 8x—7x=x 


7. (1) S=^2lw+2lh+2wh (2) V=^lwh 

or S=^2{lw+lh+wh) (3) i=Prt 
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Chapter VII, continued 
Ezerdse 13, page 68, continued 


(4) 7c=25g+l(W+5n+p 

(5) F=15+10(3-1)+j 


(6) C'=i(/!’-32) 

(7) F=|c+32 


or F= 103 +—+5 

O 


Second Test, page 69 

1* (1) (2) nj(»i+nj) (3) nintnt 

n« 

A 

2 . (1) A=-(6i+5j) (4) C=8+6(w—1) or C=^6w+2 

(2) A=P(l+rt) (5) 3(n+n')+5(n+n')=8(n+n') 

(3) A=4irr> 

S* /St=8i+3s2+4s» 

4. Gt=n-T> 

6 . ( 1 ) w^t—r 

(2) ^!=2r-t 

(3) w=t—n—r 

(4) S=r—(t—n—r) or 5=2r—<+n 


Chapter VIII 

First Test, page 61 

1. (1) 4a-6-7c-2x+4 (3) -4a+8n-16 

(2) -4X-10 (4) -2p+4g-6r+2 

2 . Check (3), (6), (7), (8), (9), (11), (15), (16), (18) 

8 . Check (1), (3), (6) 

Exercise 14, page 63 

1. -5, -3.6, -0.7, -0.1, 0, 0.5, 2, 4.3 

2. 0, -0.1, 0.5, -0.7, 2, -3.6, 4.3, -5 

8. (1) -50 (3) +7 (5) +12 

(2) -14 (4) +16 (6) -5 

4. (1) -36 (3) +17 (5) +14 

(2) -26 (4) -16 (6) -5 
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Chapter VIII, corUintied 
Exercise 14, page 63, continued 
6. (1) -x+6 6. (1) d+if 

(2) p—Zq—2r+8 (2) Qx—2y 

(3) 3n-5r-2« (3) 2fc-4<+7OT+4-n 


Exercise 15, page 70 


1. (1) 

15 

(21) 

4 


(41) 

-3(1-1-65 

(2) 

-42 

(22) 

-4 


(42) 6o*6* 

(3) 

-12 

(23) 



(43) 6x*y-8xy* 

(4) 

9 

(24) 

=fc5 


1 

1 

s 

(5) 

0 

(25) 

-9 


(45) x+Sy—4: 

(6) 

-14.4 

(26) 

=t6 


(46) 4n+9r+8 

(7) 

3a» 

(27) 

a 


(47) rn—5r—3n 

(8) 

2 

(28) 

a* 


(48) ■ 

-2ay-f3ac—xy 

(9) 

-2 

(29) 

—a 


(49) ■ 

—a*4-a5—5ac 

(10) 

9 

(30) 

6 


(50) ■ 

-13-t-2x-4y 

(11) 

-4 

(31) 

30a» 


(51) a5+25c 

(12) 

-1 

(32) 

16a2 


(52) • 

-5p—6^-|-4 

(13) 

16 

(33) 

-27x^ 


(53) 

(14) 

8 

(34) 

-72a5- 

-lOo* 

(54) i-b+c 

(15) 

-8 

(35) 



(55) • 

-2x-l+3y 

(16) 

o* 

(36) 

-12n* 


(56) ■ 


(17) 

0* 

(37) 

a+b 


(57) ■ 

-1-f 3a:—4y 

(18) 

—a’ 

(38) 

-3 


(58) 

—r+2s 

(19) 

4 

(39) 

-3n 


(59) 19c-10o+3 

(20) 

8 

(40) 

pq 


(60) ■ 

-8a-|-125-6c 

2. (1) 

14 

(4) - 

2 

(7) - 

-5.5 

(10) 1.057 

(2) 

0 

(5) 

6 

(8) - 

■i 

(11) 9.27 

(3) 

11 

(6) - 

•9 

(9) - 

-3 

(12) -.27 


Second Test, page 71 

1. (1) 16n-10r+3p-12 (3) -12M,-4JM',+2ilf, 

(2) -c+7d+2a (4) -|c+2d+|c<i 

2. 2, 4, 5, 7, 10, 13,16,17 
8. 1, 3, 6 
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First Test, page 73 

2x' 

1 . ~ 

N 

2. Nritffifft 

8. ml 


Chapter IX 


«• *Vl-(l-r50(l-r!,.,) 


4. 


(rx+(Tl—(T\ 
2ax(ry 


7. 

8 . 

9. 


fi 


a—ri(a—1) 

CTfijf 




N 


<T 1.2 


<rf 


10. -;(r-l)+l 

(T2 


Exercise 16, page 76 

1.^ 

a 

2. 14 

3. 1.6 
1 


8 . 


cx—dx 


or 


4. s*=^Vc6*-^ 


or 




R — 

6-t 

„ a6-a,(6?+c?) 

7. 




or 




afe—Oi (6i+c?) — 02^2 


Second Test, page 77 

1. 1.4826P 

A ^2 

2. Tir- 

C% 

3. ATcr* 

2 2 3 

2<ro<rt 


02 


6x--a 
9. 0.24 

10 . ^ 

0 

11 . -2 

12. -3.944 

15. 31.235 

14. -0.43a+J^ 

16. 6| 

16. -0.10385 


x(c—d) 

bx—a 


6 . 4 


7 

8 . 




Nrcl-NM+dD-Nidli 


Ni 


ar\ 


6. <r,Vl-B?., 


l+(a-l)ri 

0 ^-c* 

10. |(n-l)+l 

02 



ANSWERS 

Chapter X 


First Test, page 79 


1. (1) 0 

(7) 

(2) + 

(8) 

(3) 0 

(9) 

(4) + 

(10) 

(5) + 

(11) 

(6) 0 

(12) 

- ac 


2. x=-- 


b 


- »■* 
3. ri=- 

_ 

n+Tx- 

■nrx 


(13) 

+ 

(19) 

0 

(14) 

0 

(20) 

+ 

(15) 

0 

(21) 

0 

(16) 

+ 

(22) 

+ 

(17) 

+ 

(23) 

0 

(18) 

+ 

(24) 

0 


4. n=8| 

5. (1) S decreases 

(2) S decreases 

(3) A fraction smaller than 1, a positive number 

(4) 0 

(5) A fraction smaller than 1, a positive number 

(6) A negative number 

Exercise 17, page 86 


1- H. ¥. U> f 

^ a , c ad+hc 

*■ F+r-M- 

h ■¥■» f 

a c _£C 

f) f» -^1 i 

a 

7* (1) if, just as large 

(2) 5 times as large 

(3) X as large 

(4) 5 times as large 
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Chapter X, continued 
Exercise 17, page 86, continued 

(5) just as large 

(6) c times as large 

(7) j times as large 

^ , ed—ac ed 

3 , 5 -=- or- c 

a a 

10. (1) 0.82 (2) 0.86 (3) 0.96 (4) 0.97 

11. (1) 0.75 (2) 0.89 (3) 0.77 

12. (1) i (2) 1 (3) i (4) ^ (5) 

(6) Increase, increase, decrease, decrease 


Second Test, page 87 


1. (1) 

+ 

(7) 

+ 

(13) 

+ 

(19) 

+ 

(2) 

+ 

(8) 

+ 

(14) 

0 

(20) 

0 

(3) 

0 

(9) 

+ 

(15) 

0 

(21) 

0 

(4) 

+ 

(10) 

0 

(16) 

+ 

(22) 

0 

(5) 

+ 

(11) 

0 

(17) 

+ 

(23) 

+ 

(6) 

0 

(12) 

+ 

(18) 

0 

(24) 

0 


^ ,, NrMr-NJilt 

2 . -- 


4 . 

6 . (1) Increase 

(2) Decrease 

(3) Positive 

6 . ( 1 ) 0 

(2) A fraction smaller than 1 

(3) 1 
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Chapter XI 


First Test, page 90 

1 . a. 1, 6, 7, 8 

b. 2, 5, 8, 9 

c. 3, 7 

d. 1 

2. 2y=3a;+5 

3. (1) 2/=5a;+2 

4. a:=4, j/=l 

Exercise 18, page 91 

2 . 2 ^, - 2 , -i, 2i 

3. -3, 1, 6, 1, -4 

4. 2+a, -3-6, -l+c, 4- 
6. +29°, +1°, -2°, -4°, 

Exercise 19, page 92 

2. (1) East, north 

(2) West, south 

3. (1) Horizontal, vertical 

(2) Horizontal, vertical 

(3) Vertical, horizontal 

(4) Positive, positive 

(5) Negative, positive 

(6) Negative, negative 

(7) Positive, negative 

Exercise 20, page 96 



y" 


e. 2, 4, 10 

f. 4 

g. 1, 6 


(2) y——^x at 52/+4x=0 


O 


(3) East, south 

(4) West, north 

(8) III 

(9) I or III 

(10) Ordinate, abscissa 

(11) Abscissa, ordinate 

(12) Abscissa, ordinate 

(13) Ordinate, abscissa 


Y 
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Chapter XI, continued 
Exercise 20, page 96, continued 



Cross OY at (0, 5) 

Cross OX at (5, 0) 

Equation: x + y = 5 
Indefinitely many pairs of 
numbers. Yes 

6. a; = 2i/ or y 

7. X + y = 7 


y 



8. All are on a straight line 

10. The line is not straight 
and the equation has a 
term of second degree 

12. a)y=^x+i 

(2) y = ix^+ix + 2 

(5) y=%x^ 2 

(4) 2/ = - ^ X + 10 
{5) y = - + ^ 

(6) 2/ = f X + 3 

(7) 2/ = X - 5 

(8) y = ix^ + 2x-6 

(9) 2/ = f X - 5 

(10) 2/ = fa:-^ 

(11) y = - + - 

(12) y = -^ + ^ 

c c 
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Chapter XI, cordinued 
Exercise 20, page 99, continued 

14. (1) There is no constant term in an equation whose graph 
passes through the origin. 

(2) When a graph is not a straight line, its equation has at 
least one term of degree higher than the first. The terms 
x\ y\ and xy are of second degree. The terms x®, i/*, 
x'^y and xy^ are of third degree. A linear equation is 
one in which all terms are of the first degree. 

(3) The equations of a set of parallel lines differ from each 
other only in the constant term. Thus the equation of a 
line parallel to y=ax+b might be written as y—ax+c. 

(4) When a linear equation is in standard form, the coeffi¬ 
cient of X gives its slope. 

(5) When an equation is in standard form, the constant term 
indicates the point at which the graph cuts the vertical 
axis. 

(6) Its slope. The ordinate of the point for which x-0, 

(7) When the equations are in standard form, the coefficient 
of x is positive for the first group and negative for the 
second. 

Y 


17. 

Xh 
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Chapter XI, coinHnued 

Exercise 21, page 103 

1 . 

2. a. y—2x+Z 

b. 2/=l—a? 

c. 5y=3a; 

d. y=h+^ 

Second Test, page 103 


1. a. 4, 5, 6, 10 

b. 1, 4, 7, 8 

c. 6, 9, 11 

d. 6, 10 

e. 2, 7 

f. 3 

g. 5 


2. Zy=2x—b 

3. (1) j/=4x—3 


—Zx 

(2) !/ = -y- or 



7j/+3a:=0 
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Chapter XII, continued 


Exercise 22, page 110, continued 


4. (1) 2 

(4) 1 

(2) 2 

(5) 2 

(3) 1 

(6) 2 

5. (1) 

(4) i^(2541)J or M\/5T 

(2) 

(5) i(278)i or iv'278 

(3) iv/247 

(6) 

6. (1) 0.84 (2) 1.00 

(3) 0.10 

7. (1) V® 

(6) y/ab—cb^ 

, 2 , ./f » 

(7) \/ .-1 

(3) ^/ax 

( 8 ) 4/3 

(4) y/l—ac 


(5) Vc—ac* 

(10) VB 
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Cham-eh XII, coniinued 

Exercise 22, page 113, conlimted 
(SX)(SF) 

16. 


N 




(ST)* 


N 


16. 


N'ZXY-(SX)(SY) 


VJVXX^-ISX)* VArSK*-(Sr)» 


17. (1) 0.26 
(2) 0.52 

I -2 -2 

18. 

2(r x<r y 

19. (1) 0.047 

20. (1) 0.93 

21. n- ^ 


(3) 0.18 

(4) Increase, decrease 


(2) 0.0059 
(2) 0.82 


(p-0.50)* 

Second Test, page 114 
1 . Vl5 


2 . \/cr—x 


3. VSX*- 


4. Vl-l 

Y ax 

i 

6 . <Tx—y 


6. 


y N 

N 

a he 


d 


x b’ . /1 

/ c' 

d ~ j^y ; 

i d* 


2r(Ti(ri , 0-2 

—+F 


or 




—2r<ri<T2+<r; 


N 


7. *\/617 


Chapteb XIII 

Exercise 23, page 117 

1. -.3, -.3, -.3, -.3 

2. 3f —x-\-cx, or x=i!—Cx, or c»=x'—x 


■NM* 
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Chapter XIII, corUirmed 
Exercise 24, page 124 

1. 5 and 14, 2, 7,12, 3, 8, 9,2, 5 and 14, 9,6, 5 and 14, 1, 4 and 
10, 11 and 13 

2. (1) iS,=X,H-F,+Z,+Tr, 

y Y_yy 

(2) or jy 

(3) Ni=Nv=Ns=‘N„. In this situation the subscripts are not 
needed. 


8. (1) Sj/=0 

( 2 ) 

(3) 


Ml 

w <ru 

( 6 ) ^<m 

(6) 2/=iV 


8 


4u M *+.5 = 19.7 ftnd (Tjc-fs —1.42 


6« ]\4ap—2 “■ 12.7 And (T*®—2 1«42 


6. 

To add a constant amount to each score in a distribution in¬ 
creases the mean by the constant amount but does not affect 
the standard deviation, 

8 . (2) Nc—Nb+Nq 9. Only one value of M but an 

(3) 73,19 indefinite number of values 

(4) -0.69 of M' 

( 6 ) do^Ma-Mc^OAl 

(6) 6.65 


Chapter XIV 


Exercise 26, page 138 

1. Function but not an equation: 3, 4, 7, 8, 9 
Equation: 1, 2, 5,10,11,12,13,14,15 
Conditional equation: 1, 2, 5, 12, 13 
Identity: 10,11,14,15 
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Chaptee XIV, continved 
Eiercise 26, page 138, continued 


2 . ( 1 ) 1 ( 

( 2 ) 0 ( 

(3) 00 ( 

(4) 2 (1 

(5) 3 (1 

(6) 4 (1 

8 . Variables 

(1) C, T 

(2) S, r., Tt, T, 

(3) T,Si,S„S, 

C 

First Test, page 141 

1. n^—2n+l 

2. l-6o+9o> 

8. 16-40r+25rs 
4. p*— 

6. a;iZ2+3ii—2x,—6 

6. 9o*+30a+25 

7. 9r*-24m+16n* 

8. 2a*—3on—2n* 

•• 

10» XiXt 

11. a;*—2ris^Zia:j+rfi^x5 

12. f-2_£4 

0 c a X 

18. n*-^ 

iA 2a , 


(7) 00 (13) 0 

(8) « (14) 6 

(9) « (15) 00 

(10) 00 (16) 1 

(11) 00 (17) 2 

(12) 00 (18) 1 

Parameters 

wii, Wj, ms 
(Tif OTa, <73 

Chapter XV 


14.a^.x,+fx!-fx;-x.z.=x.x,(a*-l)+^!-|x; 

16. XiXi—ri,^x|-ru^xJ+r?,x,x.=x,xj(l+r?,)-ru^^x5+|lx!^ 
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Chapter XV, continued 
Exercise 26, page 142 

1. 3n*—2r*—14ns+3rs+7m 

2. 2p*—5^*—pH-6g 
8. c«-3c*+3c-l 

4. a*~6*+a+35-2 
6. z*—4x^+6x^^-‘4xy^+y* 


Exercise 27, page 143 

1. 9—GiCi+iTi 

2. 2 /*—10ay+24a* 

3. 4r2-25 


4. l~6c+9c* 

6. hl-hlhl 

6. l--2/?i.2a+/Ji.8i 
_ - d) , ad 
^~ad'^T~^ 

8 « X2Xi"“a,%Xf—a,iPCz'^a20fZ 

9. y^~2,r^xy+rlv^* 

<fx <fx 

10. a:2/(l+r*)— 

(Jx <Xy 


Second Test, page 143 


1. l-2r»+r* 

2. 9d*+6(i+l 
8. 4-4rz+r*a:» 

4. *1—2rjjXiXj+r?sa4 

8. PiJ/i+Pi—7yi—7 

6. 16c*-24c+9 

7. 25p*—20pg+4g[* 

8. r*-9t» 


9. 




X 

n 


10. ci^j—C jPi+CiCi 


11. 12n*—7np—lOp* 

12. 2+<-15<* 

13. l-25a;* 

14. rj+riiri—2n? 

16. ixy-2z'c+c* 

16. X^-2MX+M^ 

17. XY-M^Y-MuX+M:tMv 

18. x'j/ —CxV' —Cyx' +CzCu 

19. X2Xi'^r2r;rX3Xi^rzi—XzXi 

<^i <rs 

+r2^r84^^Xa 

20. a?6—2rs5~XjX6+r86^xJ 


11. x\ —2ri3—^iXs+ris—|xi 

< 3^1 < 3*1 

2 4 9 

18. c*-— 
n* 

14. Jxi-“2xi+2 

16. yiyt—ri^y,yt—r»^iyt 

O’* O’* 

+ri,r»,^p* 
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Chaptkb XVI 

First Test, page 144 

1 . (1) a(xi+xi+x,) (7) n(pigi+pi 5 i+p,g,) 

(2) orj(l-ru) (8) (Tilffi+Rt.*) 

(3) b{xiy,+xiyi+x,yi+xtyt) /o', 

(4) 3n(2r-t+n) ' n> ^ 


(5) <ri(<ri+<riri2+<r3ru) 

(6) b{Ai+A,+A,) 


2. (1) 

— 

(6) 

+ 

(2) 

+ 

(7) 

— 

(3) 

- 

(8) 

+ 

(4) 

+ 

(9) 

+ 

(5) 

+ 

(10) 

+ 


8. (1) Tiiffifft+bc 

(2) <rKl-r?2) 

(3) ffiflr,(rij—rijrj,) 


Exercise 28, page 147 

1. 5(oi+2oj+5aj) 

2. i(ab+bc+ac) 

8. ^(6+c+<i) 

4. 0(61+62+63) 

6 . 6 ( 01 + 02 + 03 ) 

6. 2ri3(ri2+2ri3) 

7. <rl(l+n+r?) 

8. x(ni+n2+n3+n«) 

9. iV(Mi+M,+M,) 

10. 2k{l+k+2h^) 


(10) x(ri+r2+r3) 

(11) 5(o*+6«+c*) 

(12) V(o+6) 

(11) + (16) - 

(12) - (17) - 

(13) - (18) + 

(14) + (19) - 

(15) + (20) + 


11. <Ti(l ^ 12 ) 

12. p(g+p) or ?(l+H) 

13. o(ziyi+a; 22 / 2 +Xs 2 /a) 

14. o(ti+< 2 +t») 

16. o((l8l+/2S2+tlS3) 

16. te(oi+ 02 + 03 ) 

17. C(XlX2+XlX5+X2X3) 

18. n(Xi+X 2 +X.) 

19. r(pigi+P2 g2+p3 g3) 

20. (ri-2r2)-v/l—r? 


Exercise 29, page 149 

1. fiXiyi+f^tyt+fiXiVt+fa^a/* 

2. o(Xi+X2+* • •+Xn) 

8. toi+t 02 +" • •+i%+JVc 
4. yi+j/l+y7-2c(j^3+y«+yT)+3c* 
6. 3(zi+Z2+2i+' • •+rM)+3oJV 
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ChafteK XVI, continued 
Exercise 29, page 160, continued 

6 . zl+Z^+Za+zl—2((ZtW,+ZTWj+ZaW,-{-Z,W,) 

+«^+u)J+ttj) 

7. «)ii?+Wsa;’+’ • •+WNa:N~2a(a;iWi+XjtOj+‘ • '+XnWn) 

+a*(tOi+W84‘’ • •+«»») 

8. (x.p9+Xioj/io+a;iiyii+XuVii)+6(a:«+Xio+Xii+a:ii) 

+a(j/»+3/io+j/ii+2/ij)+4a6 

9. (x?4-x?H-|-x5)—26(xi«)i+xaWjH-hxNti>N) 

+¥{w\+w\-\ -I-Wk) 

10. (xi^i+Xs^jH-|-Xn2/n) -Cx(yi+yi-\ -HVk) 

-<i/(xi+xj H-l-aij) +Nci<v 

Exercise 30, page 161 Exercise 31, page 163 


1. Sx”l-22j/4-iV 

2. Sxy—cSx—cSy+A^c* 

3. Sx*—2oSx+iVa* 

4. aSx—a*Sy 

6. Sx*—2dSxw+<i*Si(;* 

6. Sx’-3cSx>+3c*Sx-i\rc‘ 

7. Sx'—Sx+aiV 

8. Sixj/*—26Su;y+6*S«) 

9. Na 

10. Sw+iVc 

11. Nab 

12. dZx—Na 


1. M. 

11. Nbol 

2. NMt 

12. ATM, 

3. <r| 

13. 0 

4. 7*23a’2cri 

14. 0 

6. Nc\ 

16. QTiiiXiO't 

6. 0 

le. 0 

7. 0 

17. rJjffiffj 

8. TisO’iO’* 

18. r,j— 

fft 

9. Nrsifftffi 

19. r<ri<ri 

10. Nriiffiffi 

20. Uimffifft 


Second Test, page 168 

1. (1) 2(x!+x?+x5) 

(2) c(xiyi+xip8+xapi) 

(3) x(oi+Oi+o») 

(4) 5p(2j-H-3p) 

(5) o*(6j+6j+6»+64) 

(6) r.(l-r,) 

(7) cCX.+X.+X.+Xi) 


(8) Afi(o+6+c) 

(9) <r!(l-r»-B*) 
( 10 ) 

(11) ^(x+p) 

(12) p«(ni+n»4-n») 
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Chapteb XVI, corUimied 


Second Test, page 169, coniiniied 


2. (1) + 

(11) - 

3. (1) o-»+o* 

(2) - 

(12) + 

(2) <r?+2rij(ri<rt+<rJ 

(3) - 

(13) + 

(3) ri,<ri<rj(ru—1) 

(4) - 

(14) + 


(5) + 

(15) + 


(6) - 

(16) + 


(7) - 

(17) - 


(8) + 

(18) - 


(9) + 

(19) + 


(10) + 

(20) - 



Chapter XVII 


First Test, page 161 

1 . ( 1 ) 1 

(2) i 

(3) 2 

(4) i 

(5) i 

( 6 ) 8 

(7) 1 

(8) -i 

(9) A 

(10) -A 

2 . ( 1 ) 

( 2 ) 10 «“ 

Exercise 33, page 166 


( 1)4 

r* 

(5) I* 

(2) Va 

(6) a 

(3) 1 

(7) 


<X) 


( 21 ) i 

(22) 16 

(23) 64 

(24) 8 

(25) i 

(26) i 

(27) 1 

(28) 1 

(29) 16 

(30) 1 

(5) 10»-* 

( 6 ) 10 »« 


(9) o"^ (13) c* 

(10) b-* (14) 0-* 

(11) o* (15) 

(12) a6-‘ (16) -Vx* 


(11) A 

(12) 4 

(13) 1 

(14) 16 

(15) 256 

(16) 16 

(17) i 

(18) 16 

(19) i 

(20) tA 

(3) 10-«-« 

(4) 10-«-‘ 
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Chapter XVII, cotUintted 


Exercise 33, page 166, continued 


8. (1) 16 

(6) i 

(11) 7 

(2) 20 

(7) 9 

(12) 25 

(3) 

(8) 16 

(13) 2 

(4) 1 

(9) 8 

(14) A 

(5) 3 

(10) 6 

(15) i 

4. (1) 10> « 

(6) 10»-’» 

(11) 10«-‘« 

(2) 10»>* 

(7) 10»« 

(12) 10-«‘ 

(3) 10>-“ 

(8) 10*' 

(13) lO-o-®’* 

(4) 

(9) 10«”> 

(14) 10-«-« 

(5) 10«« 

(10) 10«« 

(15) 10»-« 

B. (1) -i 

(4) -2 

(7) A 

(2) A 

(5) -1 

(8) —A 

(3) 1 

(6) A 

(9) -i 

Second Test, page 167 



1. (1) 1 

(11) 81 

(21) 27 

(2) 3 

(12) 27 

(22) -i 

(3) A 

(13) 1 

(23) A 

(4) 1 

(14) 1 

(24) 81 

(5) —tA 

(15) A 

(25) A 

(6) 9 

(16) 8 

(26) 1 

(7) 81 

(17) i 

(27) 81 

(8) 81 

(18) 27 

(28) i 

(9)^7 

(19) i 

(29) A 

(10) 81 

(20) i 

(30) A 

2. (1) 10‘ ” 

(3) lO-o w 

(5) 10»-‘« 

(2) 10‘" 

(4) 10-®-”» 

(6) 10-«->« 


Chapter XVIII 


First Test, page 168 



1. 16.34 

8. 1.518 

6. 0.1963 

2. 3.145 

4. 0.02142 

6. 2.419 
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Chapter XVIII, continued 


Exercise 34, page 169 


00 

-2 (3) -4 (4) -7 

2. (1) 16 

(4) 65536 

(7) 0.125 

(2) 131072 

(5) 0.03125 

(8) 0.25 

(3) 64 

(6) 262144 


8. (1) Add 

(5) Multiply, by 2 

(2) Subtract, from 

(6) Multiply, by n 

(3) Divide, by 3 

(7) Divide, by n 

(4) Divide, by 5 

Exercise 35, page 171 

1. 421.7 4. 

17.78 7. 

4.217 10. 2.371 

2. 237.1 6. 

74.99 8. 

237.1 

3. 74.99 6. 316.2 9. 

1 

Exercise 36, page 178 

CO 

(6) 1 

(11) -3 

(2) 2 

(7) 0 

(12) -1 

(3) -5 

(8) 0 

(13) -5 

(4) 0 

(9) 0 

(14) 0 

(5) 4 

(10) 1 

(15) 1 

2, (1) (5.327)(10’) 

(9) 

(9.16)(10») 

(2) (4.9016)(10=) 

(10) 

(9.16) (10>) 

(3) (1.3)(10-‘) 

(11) 

(3.7)(10-’) 

(4) (5.1002)(10«) 

(12) 

(3.4)(10-*) 

(5) (6.21394) (10<) 

(13) 

(4)(10-®) 

(6) (1.206)(100 

(14) 

(4.0003)(10®) 

(7) (3.09) (10®) 

(15) 

(5.131)(10>) 

(8) (1.03)(10®) 

3. They are the same. 

Exercise 37, page 176 

2. (1) 2.2856 

(4) 0.0374 

(7) 1.4099 

(2) 4.3979 

(5) 3.6021 

(8) 0.5658 

(3) 2.2041 

(6) 4.3010 

(9) 1.1367 

8. (1) 4.9 

(4) .00399 

(7) 92.7 

(2) 5480 

(5) 7.02 

(8) 690 

(3) 15.3 

(6) .553 

(9) .0559 
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Chapter XVIII, continued 


Exercise 38, page 177 


1. (1) 3.9496 

(4) 5.8581 

(7) 0.5788 

(2) 1.0924 

(5) 2.0592 

(8) 0.6703 

(3) 0.6024 

(6) 1.3718 

(9) 2.2390 

2. (1) 4221 

(3) .6628 

(5) 1.387 

(2) 10.94 

(4) .04182 

(6) 23.01 

Exercise 39, page 179 

1. 2.142 

6. .8258 

8. .2059 

2. .2713 

«. 131.5 

9. 2.021 

8. 19.93 

7. 53.74 

10. 44.79 

4. .001698 

Second Test, page 179 

00 

8. 0.00003038 

6. 0.759 

2. 21.42 

4. 0.03232 

Chapter XIX 

6. 1.021 

First Test, page 180 

1. 1, 4, 6, 7, 9, 10 

2. 1, 3, 5, 6, 7, 9 

8. <r2.g46 = 0’2Vl — r2j '^^■^^24.3 


4. 2, 4 

b. Xt is unique variable, rge is unique r 


6. Xi and Xi 

Exercise 40, page 186 

1. 7 6. 6 

9. 0 

18. 0+6 

2. 8 6. 2 

10. 7 

14. 0 

8. 6 7. 1 

11. 1 

16. 4 

4. 5 8. 3 

12. 12 

16. 0 

Exercise 41, page 190 

1. (1) 1 

(5) 4 

(8) 2 

(2) 2 

(6) 5 

(9) 0 

(3) 0 

(7)0 

(10) 1 

(4) 0 
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Chapter XIX, continued 
Exercise 41, page 190, continued 


2. (1) 6 

(4) 9 

(7) 1 

(10) n—m 

(2) n+m 

(5) 2 

(8) 1 

(11) 0 

(3) 2 

(6) 4 

(9) 6 

(12) 0 


8. 1, 4, 5, 7, 8, 10, 13, 15 


4. o’4.m=<r.\/l-^V'l-r5,., Vl-rJj.,, 
<^8.11 =(7’8\/l““r5l 

cre.78« =<r,-v/l-rj, Vl-rJ,., Vl-r*,.,, 

8. ft8(,4) = {l-(l-rL)(l-r|,.,)}i 
«.(«)= {l-(l-rL)}*=rs4 

{ 1 (l~r32)(l—rj5.2)(l—rsj.26)}^ 


Symmetrical 

Unique 

(1) X, z 

y 

(2) 2 , w 

V 

(3) 2, w 

Xy y 

(4) V, w 

X 

(5) X, w 

y 

(6) X4, Xi 

Xiy Xu 

(7) X4, xs 

X 2 f X 3 


Second Test, page 191 

1. 2, 4, 6, 7, 9 

2. 1, 4, 5, 6, 7 

8. i2s(i24) = {1 — (1 ~r3i)(l—rj2.i)(l—rJi.u) 
4. 1, 3 

6. Xt is unique variable 
fii is unique r 
6. Xi and X4 

Cetapteb XX 


Exercise 42, page 198 
1. y=-2.1x+2.7 
a. j/=0.70x+5.14 


8. j/= -3x 
4. y=2.51x-0.086 
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Chapter XXI 


Exercise 43, page 211 


1 . (1) .0102 

(5) .0968 

7 . (1) 109.45 to 117.15 

(2) ,0105 

(6) .8997 

(2) 109.59 to 117.01 

(3) .8030 

(7) ,8962 

(3) .8944 or 89% 

(4) .7959 

(8) .0918 

(4) 117.13 

2 . *0.6588<r 


(5) 109.58 

3 . +0.6840<r 


(6) 109.47 

4 . -0.6776<r 


(7) 117.09 

6 . +0.6620<r 


(8) 109.52 to 117.08 

6 . -0.6871<r 




X 

<T 

X 

Area between 0 and - 
a 

1.332 

.4085 

0.660 

.2454 

1.257 

.3957 

0.670 

.2486 

1.282 

.4000 

0.672 

.2493 

1.322 

.4070 

0.686 

.2536 
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Abscissa, 93, 200, 203 
Absolute value, 62 
Acceleration, 129 
Addition, checking, 43, 44; compu¬ 
tational methods, 41-44; signed 
numbers, 62 

Approximation, 9, 11-15, 29, 35, 
129; method for square root, 

21 

Area under normal curve, 204-212 
Arithmetic mean, 115-117, 125- 
127, 154, 186 

Arithmetic value of a number, 62 
Assumed mean, 116, 154 
Axis, 93 

Base of system of logarithms, 129, 

169, 170 

Best fitting line, 193-198 
Binomial, 66; special products, 
142-143 

Cancellation, 4, 78 
Casting out nines, 47 
Center of equilibrium, 203 
Characteristic of a logarithm, 172 
Checks, 35, 42, 43, 46, 47, 49, 51, 

73 

Class frequency, 121 
Coefficient of correlation, 77, 109, 
113, 153, 156, 157, 181, 182, 
187-189 

Coefficient of variation, 187 
Computation, order of, 3-6; num¬ 
ber of digits to retain, 10-13; 
square root, 17-31; placing 
decimal point, 32-39; short 
cuts, 40-49; with signed num¬ 
bers, 61-64; with fractions, 76- 
88; with radicals, 106-113; with 
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logarithms, 168-179; with slide 
rule, 47; by machine, 12; check¬ 
ing results of, 35, 42, 43, 46, 47, 
49, 51, 73 

Conditional equation, 138 
Constant, and variable, 129, 134- 
136, 148, 149; in summation, 
151; not affecting degree of 
term, 185; added to each score 
in frequency distribution, 126; 
constant term in an equation, 
101, 228 

Coolidge, J. L., 199 
Coordinate axes, 93 
Codrdinates of a point, 93 
Correction for an assumed mean, 
116, 154, 156 

Correlation coefficient, 77, 109, 
113, 153, 156, 157, 181; mul¬ 
tiple, 189; partial, 157, 181- 
184, 187-189 
Cumulative error, 14 
Curvature, 203 
Curve fitting, 193-198 
Curve of error, 199-212 

Decimal point, 26, 27, 32-38, 45 
Degree, 184-186, 228 
De Moivre, Abraham, 199 
Dependent variable, 133, 137 
Derivation of statistical formulas, 
152-158; see statistical formulas 
Determinants, 74 
Deviation from mean, 116 
Division, by factors, 48; of radicals, 
106-107; of signed numbers, 
65-67; sign omitted, 55; decimal 
point in, 33; of fractions, 84; 
of approximate numbers, 11 
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e, 129, 200 

Equation, 73-78; linear, 73-77, 
96-103, 193-198; higher de¬ 
gree, 74; radical, 108; condi¬ 
tional, 131-133, 138; identity, 
131, 138; indeterminate, 132; 
simultaneous, 74, 102, 133, 197- 
198; number of solutions, 131- 
133, 139; and function, 137- 
140; and graph, 96-103, 135, 
193-198; for a given line, 101- 
102; for normal curve, 199; best 
fit for a swarm of points, 193- 
198 

Error, cumulative, 14; curve of, 
19^212 

Estimation of results, 20, 28, 33- 
36, 50 

Expanding a sum, 148-150 
Explicit function, 133 
Exponent, 56, 66, 67, 161-167; 
fractional, 106, 107, 111, 112, 
165; negative, 164; zero, 164; 
as logarithm, 169-178 
Extracting root, square root by 
arithmetic process, 17-21; square 
root by approximation, 21, 22; 
square root by interpolation in a 
table, 23-31; by taking out a 
rational factor, 106; by loga¬ 
rithms, 178 

f, 121 

Factoring, 144-160 
Family of lines, 135 
Fisher, Arne, 199 
Fitting a curve, 193-198 
Formula, making, 54; see statisti¬ 
cal formulas 

Fractions, 6, 66, 79-89; funda¬ 
mental principle, 81; equality 
of, 83; addition or subtraction, 
84; division, 84; multiplication, 
83; as exponents, 164 
Function, 133-134, 137-140 


Gauss, C. F., 199 
Geometric mean, 178 
Graph, 90-104, 193-198; repre¬ 
sentation of pairs of numbers, 
92-94; of linear equation, 95- 
101, 193-198; of normal curve, 
202-204 

Grouped frequencies, 121 

Holzinger, K. J., 205 
Homogeneity, 1^187,190,191 

Identity, 131, 138 
Imaginary number, 68 
Implicit function, 133 
Independent variable, 133, 137 
Indeterminate equation, 132 
Index of a root, 105 
«, 139 

Inflection, 203 

Interpolation, 28-30, 176-178, 
209-211 

Inverse operations, 69 
Inverse proportion, 136 
Irrational number, 106 

Laplace, P. S., 199 
Least squares, 196-198 
Limits of summation, 147,148 
Line of best fit, 196 
Linear equation, 73-77, 96-103, 
193-198, 228 

Linear interpolation, 28-30, 176- 
178, 209-211 

Logarithm, 129, 168-179, 201; 
table of logarithms, 173-175 

Mantissa, 172; table of mantissas, 
173-175 
Maximum, 203 

Mean, arithmetic, 115-117, 125- 
127, 154, 186; geometric, 178 
Mean square deviation, 118 
Measurement, approximate, 8-10; 

unit of, 124, 204, 206 
Median, 203 
Mode, 203 
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Moment, 185-187 
Monomial, 66; factor, 146, 147 
185 

Multiple correlation, 189 
Multiplication, decimal point in, 
33; sign omitted, 55; of signed 
numbers, 64, 65; of radicals, 
106-107; of fractions, 83-86; of 
approximate numbers, 11 

Natural logarithms, 129 
Negative number, 61-72; roots of, 
68; as exponent, 164; as loga¬ 
rithm, 172-173 
Normal curve, 129, 199-212 
Numerical value of a signed num¬ 
ber, 62 

Order, of a root, 106; of a corre¬ 
lation coefficient, 187, 188, 192; 
of a standard deviation, 187, 
188, 192 

Order of operations, 3-6 
Ordinate, 93, 200-202 
Origin, 93, 203 

Parabola, 98 
Parallel graphs, 100, 228 
Parameter, 134-137, 139-140, 200 
Parenthesis, 5, 55, ^ 

Partial correlation, 157, 181-184, 
187-189 

Partial standard deviation, 189 
Pattern in formulas, 189 
p.e., 210 

Pealredness, measure of, 187 
Pearson, Karl, 205 
Per centj 35, 36 
TT, 129, 200 
Plotting, 92-97 
210 

Point of inflection, 203 
Polynomial, 67, 141-142, 145 
Power, sign of, 68, 166 
Precision of measurement, 9,10 


Primary subscript, 183 
Prime, 55,116 
Probability curve, 199-212 
Probable error, 206 
Product, see multiplication 
Pure number, 55,186-187 

Quadrant, 93 
Quotient, see division 

r, 109, 113, 153, 156, 157, 181-184, 
187—189 

Radical, 5, 81-82, 105-114 
Radicand, 105 
Rational number, 106 
Rationalizing a denominator, 108 
Reciprocal, 49-50 
Residual, 193-198 
Rhythm in formulas, 189 
Rietz, H. L., 199 
Robinson, G., 199 
Root, see extracting 
Root mean square deviation, 118 
Rounding a number, 13, 14 

Sampling, 206 
Secondary subscript, 183 
Set of equations, 133 
Short cuts, 21, 40-51, 142-143 
Sigma, 115, 118 
cr, 118; see standard deviation 
2), 115; see summation 
Sign, of product, 65; of quotient, 
66; of power, 68, 166; of root, 68 
Signed numbers, 61-75, 83 
Significant digits, 7-16 
Simultaneous equations, 74, 102, 
133, 197, 198 

Skewness, measure of, 187 
Slide rule, 47 

Slope, 100, 102, 134-135, 228 
Solution of equations, 130 
Special products, 45-^7, 142-143 
Square root, 11,17-31; table of, 25 
Standard deviation, 117-128; a 
first degree expression, 186; 
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order of, 188; formula for partial 
<r, 189; parameter of the normal 
curve, 200; parameter used in 
combining scores, 135-137; com¬ 
putation from assumed mean, 
154; gross score formula, 155; of 
combined groups, 127; of scores 
each of which has been increased 
by same amount, 126, 232 
Standard error of a difference, 156 
Standard error of estimate, 155 
Standard form of an equation, 98 
Standard form of a number^ 171 
Statistical constant? 137 
Statistical formulas,' 109, 113, 
115-128,136-137, 152-158,178, 
182-188, 199-212; coefficient of 
correlation, 109, 113, 153, 156, 
187; partial correlation, 157, 
182, 187-189; computation of 
mean, 116, 117, 125-127; stand¬ 
ard deviation, 117-124,126,127, 
152, 154; weighting test scores, 
136; geometric mean, 178; mean 
and standard deviation of com¬ 
bined groups, 127; correction 
for assumed mean, 116, 154, 
156; gross scores, 155; standard 
error of estimate, 155; standard 
error of a difference, 156; mo¬ 
ments, 185-187; algebraic deri¬ 
vation of formulas, 152-158; 
degree of, 186-187; step interval 
in, 122-124; symmetry of, 182- 
184 

Step inteiyal, 122-124 
Subscript, 54, 115, 146, 151, 183, 
185, 187-189 
Subtraction, 62 

Sum, number of significant digits 
in, 12 

Summation, 115, 147, 150, 151 
Swarm of points, 193 
Symbolism, algebraic, 52-60; sta¬ 
tistical, 115-128, 146, 152-153 


Symmetry, 181-184,192, 202, 203, 
209 

Table, interpolation in, 28-30, 
176-178, 209-211; method of 
using, 23-31 

Table, of squares and square roots, 
25; of powers of 2, 169; of 
powers of 10, 171; of loga¬ 
rithms, 174-175; of ordinates 
of the normal curve, 202; of 
proportion of area in a given 
segment of the normal curve, 
204; portion of a table of ordi¬ 
nates and areas of the normal 
curve, 206; portion of a table of 
deviates and ordinates of the 
normal curve, 206 
Tangent, 203 
Transposition, 76 
Trinomial, 66 

Under a curve, 204; under a sum¬ 
mation sign, 150 

Unique solution, 132; unique vari¬ 
able, 183, 190, 192 
Unit normal curve, 200, 205 
Unit of measure, 124, 204, 206 
Unknown, 130-132, 136 

Variable, 101, 131-136, 144-149, 
151, 181-183, 188, 190, 192, 200 
Variance, 118 

Weighting test scores, 136 
Whittaker, E. T., 199 
Width of step interval, 122 

x-axis, 93 

y-axis, 93 
Yule, G. U., 199 

Zero, division by, 84; in writing a 
decimal, 34; degree, 186; ex¬ 
ponent, 164; order of correla¬ 
tion coefficient or standard 
deviation, 188, 189 




